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Abstract. We consider abstract non-negative self-adjoint operators on L?{X) which satisfy the finite 
speed propagation property for the corresponding wave equation. For such operators we introduce 
a restriction type condition which in the case of the standard Laplace operator is equivalent to (p, 2) 
restriction estimate of Stein and Tomas. Next we show that in the considered abstract setting our 
restriction type condition implies sharp spectral multipliers and endpoint estimates for the Bochner- 
Riesz summability. We also observe that this restriction estimate holds for operators satisfying 
dispersive or Strichartz estimates. We obtain new spectral multiplier results for several second 
order differential operators and recover some known results. Our examples include Schrodinger 
operators with inverse square potentials on R", the harmonic oscillator, elliptic operators on compact 
manifolds and Schrodinger operators on asymptotically conic manifolds. 
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1. Introduction 

A celebrated theorem of Hormander [35] states that for a given bounded function F : [0, oo) 
C, the operator F(-A), initially defined by Fourier analysis on L^(R"), extends to a bounded 
operator on L'^(R") for all p e (1, oo) provided the function satisfies 

(1.1) sup||77(-)F(?-)||,^., <cx, 

f>0 

for some 5 > |. Here rj e C^(0, oo) is a non-trivial auxiliary function. This result is a sharp 
version of the well known Mikhlin's Fourier multiplier theorem [46]. These results have led to a 
fruitful research activity on spectral multipliers and new perspectives in harmonic analysis. The 
Hormander-Mikhlin theorem has been extended by several authors to other operators than the 
Laplacian and settings that go beyond the Euclidean case. The bibliography is so broad that it is 
impossible to provide complete list here. We refer the reader to [2, 12, 14, 15, 16, 17, 21, 23, 24, 
25, 26, 27, 28, 30, 32, 34, 44, 47, 48, 50, 53, 54, 56, 58, 59, 61, 63, 64] and the references therein. 

Suppose that X is a measure space and that L is a non-negative self-adjoint operator on L^{X). 
Such an operator admits a spectral resolution Ei{A) and for any bounded Borel function F : [0, oo) — 
C, one can define the operator F{L) 

(1.2) F{L)= I F{X)dEL{A). 







By the spectral theorem, F{L) is well defined and bounded on L^{X). Spectral multiplier theorems 
give suflicient conditions on F under which the operator F{L) extends to a bounded operator 
on L'\X) for some range of p. 

Most of the references mentioned before deal with the case of sub-Laplacians on some Lie 
groups. The papers [23, 24] deal with a rather general situation where (X, d,/j.) is metric measure 
space of homogeneous type (or even a domain of such space). One of the results there is a spectral 
multiplier theorem under the sole assumption that the heat kernel of the operator has a Gaussian 
upper bound. The condition there is however stronger than (1 . 1) in the sense that the norm in VF^'^ 
is replaced by the norm of W"'"" where s is any constant larger than half of homogeneous dimen- 
sion. Under Plancherel type estimates, one obtains sharp results with condition (1.1). Condition 
(1.1) with norm W'^'^ is better than the corresponding one with norm V7''°°. This can be seen from 
Bochner-Riesz summability which we discuss now. 

The theory of spectral multipliers is related to and motivated by the study of convergence of 
Bochner-Riesz means of self-adjoint operators. Given a non-negative self-adjoint operator L and 
set 

(l - for A<R^ 
for A> R^. 



(1.3) Si(A) 



We then define the operator 5^(L) using (1.2). We call 5^(L) the Riesz or the Bochner-Riesz 
means of order 6. The basic question in the theory of Bochner-Riesz means is to establish the 
critical exponent for the uniform continuity with respect to R and convergence of the Riesz means 
on LP spaces for various p with 1 < p < oo. 

For 6 = 0, this is the spectral projector E^[0,R], while for 6 > 0, 5^(L) can be seen as 
a smoothed version of this spectral projector. Bochner-Riesz summability describes the range 
of 6 for which the above operators are bounded on L^, uniformly in R. If one proves a spectral 
multiplier result which states that F(L) is bounded on L^(X) for all p e (1, oo) whenever F satisfies 
(1.1), then the Bochner-Riesz mean 5j(L) is bounded on all spaces provided 6 > In 
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the case where L is the Euclidean Laplacian and 5 > the kernel of ^^(L) is V and hence 
Bochner-Riesz means are bounded on L'' for 1 < p < oo. In this setting more is known. Indeed for 
5 > max{n|^ - ^| - ^, 0}, it was known for a long time that as a consequence of restriction estimates 

for the Fourier transform, Bochner-Riesz summability holds on U for all p < and by duality 
for p > See Stein [61], p. 420. This was extended by Lee [40] to the case p < ^ (or 

p > and recent improvements are proved by Bourgain and Guth [9]. The question whether 
Bochner-Riesz summability holds on L'\W') for all p and all 6 > max{n|^ - ^1 - ^,0} is a long- 
standing open problem (except for n = 2, see Carleson and Sjolin [12] and Hormander [33]). 
For all this, see Stein [61], p. 420 and the review paper of Tao [62]. The later contains many 
other information and relation of the Bochner-Riesz problem to other open problems in harmonic 
analysis. 

If L is a second order elliptic operator on a compact Riemannian manifold M with dimension 
n, then the Bochner-Riesz means 2i;<fi(l ~ '^j/^^ < "> > uniformly bounded on U{M) 

provided p < ^ or by duality for p > ^ for 6 > max{«|^ - ^| - ^, 0}. Here Aq < Aj < Aj+i < ... 
and ej are the corresponding eigenvalues and normalized eigenvectors, respectively. See Sogge 
[56]. 

The theory of Fourier multipliers and Bochner-Riesz analysis in the setting of the standard 
Laplace operator on R" is related to the so-called sphere restriction problem for the Fourier trans- 
form: find the pairs (p, q) for which e X(L^(R"), L''(W^)) where R^ is defined by 

RaKco) = f(Aco), ajeS"~\A>0. 

See for example [25, 27, 59, 61, 62]. For q = 2 the full description of possible range of p is due to 
Stein and Tomas. The theorem of Tomas [65], extended by Stein to the endpoint, states that (p, 2) 
restriction estimates hold if and only if 1 < /> < 2(n + l)/{n + 3). The case q 2is not relevant to 
our discussion so we refer the interested reader to Tao [62] on the subject. 

Note that on R", the Schwartz kernel of the spectral measure dE.^(A) of is given by 

dE^(A;z,z') = -^^ f e'^'-''>"^dco, z,z' eR", 
{2nf Jsn-i 

therefore dE .^{A) = ■^^R*^Ra and the restriction theorem for ^ = 2 is equivalent to 
(1.4) \\dE^{A)\\p^,, < Ci«(i/p-i//'')-i 

for all p 6 [1, ^^]- In the sequel, we refer to (1.4) as (p, 2) restriction estimate of Stein-Tomas. 

In this paper we follow the line of research described above. We deal with the problem of 
sharp spectral multipliers and Bochner-Riesz summability for other operators than the Euclidean 
Laplacian and elliptic operators on compact manifolds. Our aim is to build a theory which applies 
in a rather general setting of self-adjoint operators on spaces of homogeneous type (i.e., metric 
measure spaces which satisfy the volume doubling property). Our approach allows us to prove 
sharp multiplier results and Bochner-Riesz summability in new settings and also unifies several 
previously known results. In order to do so we introduce a restriction type estimate which in the 
case of the Laplacian on R" turns to be equivalent to the (p, 2) restriction estimate of Stein-Tomas. 

Our setting will be the following. We consider a non-negative self-adjoint operator L on L^(X) 
where {X, d, p) is a metric measure space which satisfies the volume doubling condition 

V{x, Ar) < CA"V(x, r) \/x e X, A > I, r > 0, 

where C and n are positive constants and V{x, r) denotes the volume of the open ball B{x, r) 
of centre x and radius r. We assume that L satisfies the finite speed propagation property for 
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the corresponding wave equation. We introduce the condition that for any R > and all Borel 
functions F supported in [0,i?], 

(STl) \\F( yfL)Psi,,r)\l^^ < CV(x, rr-kRrf-'HF(R-)\l 

for all X 6 X and all r > 1/R. 

We will see that if the volume is polynomial, i.e. V(x, r) ~ r", then (STp ^) is equivalent to (p, 2) 
restriction estimate of Stein-Tomas. For this reason, we call (STp J a Stein-Tomas restriction type 
condition. One of our main results on sharp spectral multipliers can be stated as follows. 

Theorem A. Assume that X satisfies the volume doubling condition. Suppose that L is a non- 
negative self-adjoint operator which satisfies the finite speed propagation property and condition 
(STp s) /or some p, s, q such that I < p < s < co and I < q < co. 

(i) Compactly supported multipliers: Let F be an even function such that suppF c [-1,1] 
and F & W^'''(R) for some J3 > n(l/p - 1/s). Then F{^IL) is bounded on ^{X), and 

sn^\\F{t^rL)%^p<C\\FU,,. 

t>0 

(ii) General multipliers: Suppose s = 2 and F is an even bounded Borel function such that 
supfyQ\\rj(-)F(t-)\\]iv/3.q < oo for some fi > max{n(l/p - 1/2), \/q} and some non-trivial 
function rj e C^(0, oo). Then F( VT) is bounded on UQQfor all p < r < p' . In addition, 

||F( VI)||,^, < CpUu^U-)F{t-)\\y,,, + \Fm). 

t>Q 

Assertion (i) of the theorem is inspired by Guillarmou, Hassell and Sikora [28] where a related 
result is proved under the assumption that the volume is polynomial. Assertion (ii) is in the spirit 
of Hormander's multiplier theorem for the Euclidean Laplacian. Here, if p > 1, the order of 
differentiability required on F is smaller since we do not search for boundedness of F{ y/Z) on U 
for all r e (1, oo). 

The proof of assertion (i) makes heavy use of the finite speed propagation property. This prop- 
erty together with the classical dyadic decomposition of F allow to reduce the problem of bound- 
edness of F( yfL) on L'' to boundedness of certain compactly supported operators. The Stein- 
Tomas restriction type condition will be used to obtain an - U estimate of these operators from 
which we recover the boundedness of F( VL) on L^. 

Assertion (ii) appeals as expected to singular integral theory. We shall also make use of the 
estimate from assertion (i) since F( VX) can be written as the sum 2 Fj( VL) with compactly 
supported functions F j. However the operators F j( VL) do not act independently of each other 
and hence estimate for F( ^JL) does not hold in a trivial way from the corresponding estimates 
for F j{ VL). As explained by Littman, McCarthy and Riviere [42], we may have Fj{ V-A) to be 
uniformly bounded on L^(R") but F{ V-A) fails to be a multiplier of any U other than I}. This 
problem of recovering L'' bounds for F{ V-A) from those for F j{ ^f-E) is discussed by Carbery, 
Seeger and Sogge in [1 1, 52, 53]. We shall follow closely Carbery [1 1] and adapt some ideas there 
to our abstract setting. 

Our restriction type estimate does not hold when the set of point spectrum is not empty. In par- 
ticular, it does not hold for elliptic operators on compact manifolds or for the harmonic oscillator. 
In order to treat these situations as well we modify the restriction estimate as follows: for a fixed 
natural number k and for all 6 N and all even Borel functions F such that suppF c [-A^, A^], 

(SC^;:) \\F{ ^)PBi.,r\^^ < CV{x, rV-kNr)<'hF{N-)h^,q, 
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for all X 6 X and all r > 1 /N where 



f=l-W/?e[V'#) / 

for F supported in [-1, 1]. For ^ = oo, we put HFHatoo = II^IL- The norm ||F||a?^^ was used by 
Cowling and Sikora [21] and Duong, Ouhabaz and Sikora [23] in the setting of spectral multipliers. 



In some situations, (SC^ h is equivalent to the following condition introduced by Sogge (see 



[56, 57, 58]) 

(Sp) \\E^[A,A + \)\l^^,<C{\+A)<'-y'-\ 

We call (SCp^s) Sogge' s spectral cluster condition. In this context we shall prove the following 
result (see Theorems 3.6 and 4.2 for precise statements). 

Theorem B. Suppose that X has finite measure and satisfies the volume doubling condition. Let L 
be a non-negative self-adjoint operator which satisfies the finite speed propagation property and 
Sogge 's spectral cluster condition {SC^l,)for some p, s, q such that \ < p < s < oo and \ < q < oo. 
Then both assertions of Theorem A hold provided J3 > max{n(l/ p - l/s),l/q}. 

The same conclusion holds in the case where p{X) = oo provided (SCp^s) and an a priori esti- 
mate for \\F( yfL)\\p^p are satisfied. 

As for Theorem A, an appropriate decomposition of F( VL) as the sum of operators with com- 
pact supports is the backbone of our arguments in proving boundedness of F( ^[L) on LP for 
compactly supported F. Passing from compactly supported multipliers to the general case will 
be done in the same way as for Theorem A. The proof of this part does not make explicit use of 
(STp 2) or (SCp'2) but the rather weaker condition 

||(/ + t VZ)-^/'b(,-,,)||^^2 ^ (jf " ' ^^^,r>t>Q. 



Starting now from Theorem A or Theorem B with s = 2 and choosing the function F = S 
yields Bochner-Riesz summability on LP{X) for 6 > 5q{p) where 



6q{p) = max |0, n 



1 1 



2 



1 



Now we address the question of endpoint estimates, i.e., estimate for S^'^'^^L). It turns out that 
our Stein-Tomas restriction type condition or Sogge's cluster condition imply that Bochner-Riesz 
means are weak-type {p,p) operators for 6 = 5q{p). More precisely we obtain 

Theorem C. Assume that X satisfies the doubling condition and operator L satisfies the finite 
speed propagation property. 

(i) If the restriction condition (STp 2) holds for some p, q satisfying I < p < 2 and I < q < 00 



then S^/''\L) is of weak-type (p, p) uniformly in R. 



in) The same conclusion as in (i) holds if n{X) < 00 and (SCp 2) is satisfied for some p,q 
satisfying 1 < p < 2 and 1 < q < 00. 

In the Euclidean case, it is known that S^'*^''^(-A) is not bounded on L^(R") for p i^2. This was 
observed by Christ and Sogge [17] who also proved weak-type (1, 1) for S^^''^\-IS). Weak-type 
{p,p) estimates of 5^^^^\-A) are proved by Christ [14, 15] when p < The corresponding 
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result on compact manifolds is proved by Seeger [51]. The endpoint estimates for p = are 
proved by Tao [63] both for R" and compact manifolds. 

Our approach for endpoint estimates is inspired by Christ and Tao [14, 15, 63]. It is based 
on L} Calderon-Zygmund techniques (as used in Fefferman [25]), a spacial decomposition of the 
Bochner-Riesz multiplier and the fact that if F has its inverse Fourier transform supported on a 
set of width R, then by the finite speed propagation property the operator F{ y/L) is supported in a 
CR- neighbourhood of the diagonal. It is worth to note that our proof of endpoint estimates does 
not require any cancellation argument. This allows us to consider applications to operators with 
non-smooth kernels. 

The previous theorems are proved in Part 1 of this paper. In Part 2, we investigate the relation 
of (STp 2) to dispersive or Strichartz estimates for the corresponding Schrodinger equation 

(1.5) dtU + iLu = 0, m(0) = /6LI 

In the setting of Euclidean Laplacian, Strichartz's original proof for L''(R x R") estimates of the 
solution u of (1.5) uses restriction estimates of the Fourier transform. In some sense we want to do 
the converse here, we want to take advantage of known dispersive or Strichartz estimates for (1.5) 
to prove a Stein-Tomas restriction type condition and then obtain sharp spectral multipliers by 
Theorem A. We are able do this either directly from dispersive estimate for e"^ or from endpoint 
Strichartz estimate. We prove the following result. 

Theorem D. 

(i) Suppose that L satisfies the Strichartz estimate 

f \W"^f\?^dt < CWfWl f 6 
Jr "-2 

for some n > 2. Assume also that the smoothing property 

\]cxp(-tL\^2^<Kt-'i^f'-"^\ 
holds for all p e [1, Then for all A> 

\\dE^^{A)\\p^,,<CA<-7'-\ 

(ii) Fix p 6 [1> ;^]- Suppose that X satisfies the doubling condition and that there exists a 
positive constants C > such that V(x, r) < Cr'^ for every x e X and r > 0. Assume that 
L satisfies the finite speed propagation property together with Strichartz and smoothing 
estimates as in (i). Then for every even compactly supported bounded function F such that 
\\F\\mp.2 < CO for some /3 > n(j - ^), the operator F{ VT) is bounded on LF and 

sup||F(?VI)||,,^p<CI|F||^,,2. 

(iii) Suppose that the conditions o/(ii) are satisfied. Then for any even bounded Borel function 
F such that sup^^g \\ni-W(f')\\wP-^ < 00 for some yS > max{n(l//7 - 1 /2), 1 /2} and some non- 
trivial function rj e C^(0, 00), the operator F( yfZ) is bounded on U(X)for all r e (p, p'). 

The main assertion here is (i). Indeed, once (i) is proved we obtain a Stein-Tomas restriction 
type estimate and then appeal to Theorem A to prove assertions (ii) and (iii). We can also replace 
the Strichartz estimate by a dispersive estimate 

ll/^lli^oo < C\tr^\ ? 6 R, ? ^ 0. 



RESTRICTION ESTIMATES AND SHARP SPECTRAL MULTIPLIERS 



7 



Note that by a result of Keel and Tao [37], endpoint Strichartz estimate follow from this dispersive 
estimate. 

Strichartz estimates have been studied by several authors. For example, Burq, Planchon, Stalker 
and A. Tahvildar-Zadeh [10] proved such estimates for Schrodinger operators with inverse square 
potentials, i.e. L = -A + 1-% on R". Therefore we obtain sharp multiplier results as well as endpoint 

Bochner-Riesz estimates for these operators. It is worth to mention that if -{n - 2)^/4 < c < 0, 
the semigroup exp(-?L) acts on L''(R.") only for p e {p[,Pc) with p^ < oo. In particular, the 
corresponding heat kernel does not enjoy any good upper bounds such as Gaussian upper bounds. 
Nevertheless we obtain sharp spectral multipliers for L on U for p 6 {p[., 2n/{n + 2)]. We discuss 
in Part 3 several other examples to which Theorems A, B, C and D apply. This includes radial 
Schrodinger operators with inverse square potentials, the harmonic oscillator, elliptic operators on 
compact manifolds, Laplacian on asymptotically conic manifolds. 

While this paper was finished we learned that M. Uhl introduced recently in his PhD Thesis [67] 
a condition similar to our restriction type condition and proved a spectral multiplier result similar 
to our Theorems 4.1 and 4.2. However the order of differentiability required in Uhl's result is 
/3 > n/2 and hence it is less sharp than our Theorems 4.1 and 4.2. 



Part 1 . Restriction estimates imply sharp spectral multipliers 

2. Restriction type condition 

We start by fixing some notation and assumptions. Throughout this paper, unless we mention 
the contrary, {X,d,jx) is a metric measure space, that is, is a Borel measure with respect to the 
topology defined by the metric d. We denote by B{x, r) = {y & X, d{x, y) < r) the open ball 
with centre x e X and radius r > 0. We often just use B instead of B{x, r). Given /I > 0, we 
write XB for the /1-dilated ball which is the ball with the same centre as B and radius Xr. We set 
V{x, r) = /J.(B(x, r)) the volume of B(x, r) and we say that {X, d,p) satisfies the doubling property 
(see Chapter 3, [18]) if there exists a constant C > such that 

(2.1) V{x, 2r) < CV{x, r) \/ r > 0, x e X. 
If this is the case, there exist C, n such that for all /i > 1 and x e X 

(2.2) Vix,Ar)<CrV(x,r). 

In the sequel we want to consider n as small as possible. Note that in general one cannot take 
infimum over such exponents n in (2.2). In the Euclidean space with Lebesgue measure, n cor- 
responds to the dimension of the space. Observe that if X satisfies (2.1) and has finite measure 
then it has finite diameter (see, e.g., [3]). Therefore if iu(X) is finite, then we may assume that 
X = B{xo, 1) for some xq e X. 

For I < p < +00, we denote the norm of a function / e L''{X,dp) by by (., .) the 

scalar product of L^iX, dp), and if T is a bounded linear operator from L''(X, dp) to L'\X, dp), 
\ < p, q < +00, we write ||r||p^^ for the operator norm of T . Given a subset £ c X, we denote by 
Xe the characteristic function of E and set 

PEf{x)=XE{x)f{x). 

For a given function F : R ^ C and i? > 0, we define the function 6rF : R ^ C by putting 
6rF{x) = F{Rx). 
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2.1. Finite speed propagation for the wave equation. Set 

Dp = {(X, y)eXxX: d(x, y) < p}. 
Given an operator T from L^(X) to L^{X), we write 
(2.3) suppiS:^ c T>p 

if (r/1,/2) = whenever Z^. is in C{X) and has support supp/^^ c B{xk,Pk) when k = 1,2, and 
Pi + P2 + P < d{xi,X2)- Note that if T is an integral operator with a kernel then (2.3) coincides 
with the standard meaning of supper c 2)^, that is Kt{x, y) = for all {x, y) i 'Dp. 

Given a non-negative self-adjoint operator L on L^(X). We say that L satisfies the finite speed 
propagation property if 

(FS) suppi^,„,(,VI)^^' ^^>0- 

Property (FS) holds for most of second order self-adjoint operators and is equivalent to Davies- 
Gaffney estimates. See, for example [13], [55] and [19]. 
We recall the following well-known simple lemma. 

Lemma 2.1. Assume that L satisfies (FS) and that F is an even bounded Borel function with 
Fourier transform F 6 L'(R) and that suppF c [-p, p]. Then 

suppiff(Vi) c Dp. 
Proof. If F is an even function, then by the Fourier inversion formula. 



F( VZ) = — ( F{t) cos{t yfl) dt. 
2;r J-00 



But suppF c [-p,p], and the lemma follows then from (FS). □ 

2.2. The Stein- Tomas restriction type condition. Assume that (X, <i,/i) satisfies the doubling 
condition, that is (2.2). Consider a non-negative self-adjoint operator L and numbers p, s and q 
such that \ < p < s < 00 and I < q < 00. We say that L satisfies the Stein-Tomas restriction type 
condition if: for any R > and all Borel functions F such that suppF c [0,i?], 

(ST^,s) ^)Pb(.A\p^, < CVix, ry-T'{Rrf'-'%Fl 

for all X e X and all r > 1 /R. 

Remark 2.2. Note that if condition (STp J holds for some q e [\, 00), then (STp J holds for all 
q > q including the case q = 00. 

Proposition 2.3. Suppose that {X, d,p) satisfies property (2.2). Let I < p < 2 and N > n(l/p - 
1 /2). Then (ST^2) equivalent to each of the following conditions: 

(a) For all X e X and r > t > we have 

II II 1 1 /r\ni^~^) 

(Gp,2) \\e" '^Pb(.,4p^,_ < CVix,ry-^(-) " . 

(b) For all X e X and r > t > we have 

(Ep,2) ||(/ + 1 VI)-^/'b(,,,)||^^2 ^ (7) 
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Proof. We shall show that (Ep,2) ^ (8X^2) ^ (Gp,2) ^ (Ep,2). 

Suppose that F is a Borel function with suppF c [0,R]. Let I < p <2 and N > n(l/p - 1/2). 
It follows from (Ep 2) that for every x e X and r > l/R, 



R 



p^2 



< sup + 11(7 + 



R 



This gives condition (STj^j)- 
Next assume (8X^2). Then 



p^2 



e-^^dEiiX)PBi,,r) 



Jr*oo 




p— »2 



Jo 



^[0, VI] 



(Vl)Pb(. 



p^2 



dA. 



Now if < A < l/r^ then r) c B(x, A-^'^). Therefore, by (ST|;^2) 

< cv{x,A-^'^y--p <cv{x,ry--p. 

If A> l/r2,thenby (8X^2) 

li;r[o,VI](^)^«Ur)llp-2 < CV{x,ry-krA'IY'-^''. 

This proves (Gp^2)- 

To finish the proof assume that (Gp_2) holds. Then 

11(7 + 1 Vl)-~Pb(,,,)||,^2 < ||(/ + t^L)''i\i + 1 yfly'^ii + t^iy'^^'Ps^xAl^, 

< sup |(1 + t'Ay^l + a)-^| • 11(7 + t^L)-^PB(x,r 



\\p^2 



< C\\{I + t'L)-''"PB,x,r,.,. 



Next note that for ? > 



i + fLT^'^PsUU = lie 



(2.4) 

Hence if s < r^/f, then by (Gp,2) 



Jo 



^-s^N/2-l 



^ "B{x,r) 



p->2 

ds. 



p^2 



If 5 > r^lt^, then B{x, r) c B{x, ts^'^) and (Gp,2) impl ies that 



e-'^'^PBixA\p^2 ^ \\e-''^'^PBix,,sy4\p^2 < CVixM^T^^ < CV{x,r) 



sf-L 



l/2x 



)2 p 
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Using these estimates in (2.4) yields (Ep 2) for N > n(l Ip - 1 12). This ends the proof. □ 

It is natural to generalise condition (1.4) to abstract self- adjoint operators in the following way 
(see [28]). One says that L satisfies U to U' restriction estimates if the spectral measure dE ^(A) 
maps L'\X) to U\X) for some p < 2, with an operator norm estimate 

for all A> 0, where n is as in condition (2.2) and p' is conjugate of p, i.e., 1/ p + 1/ p' = I. 

Proposition 2.4. Fix 1 < p < 2n/{n + I). Suppose that there exists a constant C > such that 
C~^r" < V(x,r) < Cr" for all x e X and r > 0. Then conditions (Rp), (ST^j) and (STpp,) are 
equivalent. 

Proof. The proof is inspired by estimates (2.12) of [28]. We first show the implication (Rp) => 
(STpp,). Suppose that F is a Borel function such that suppF c [0,R] for some R > 0. Then by 

(Rp)' 

\F(A)\\\dE^{A)\\p^p,dA 
\F{A)\A"^-^~y^~^dA 



< CR"'-^~y^~^ I \F(A)\dA 

Jo 

< CVix,r)y-''irR)"^~p'y)\6RF\\i, 

where in the last inequality we used the assumption that V{x, r) < Cr'\ 

Next we prove that (ST^ p,) => (ST^ 2)- Note that V(x, r) ~ r^ for every x eX and r > 0. Letting 
r ^ 00 we obtain from (STpp,) 

||f(VI)||^^^^,, <ci?"^^-7)|feF||i. 

By T*T argument 

||F( VI)||'^2 = l|l^l'(^)|lp^;y ^ CR'"^'''hSRF\\l. 

Hence 

||F(VI)/'b(,,,)||^^2^||F(VZ)||^^2 ^ CV{x,ry-kRrfT-'^^\\6RF\\2. 
This gives (STpj). 

Now, we prove the remaining implication (ST^j) =^ (Rp)- By volume estimate V{x, r) > C~^r" 
and condition (ST^ 2) 

(2.5) \\F( Vl)PsUI^, < CR^'-^dRFl 

for any R > 0, all Borel functions F such that suppF c [0,i?], all x 6 X and r > 1 /R. Taking the 
limit r ^ 00 gives 

(2.6) \\F(^A^2^CR<'-^\6rFI. 
For F = X(A-£,A+£] ^^'^ R = A + s in (2.6) yields 

s~^E^{A - s,A + s\ 



\\F{<L)P,,,,,l^^, < j 



= e 



E^(A-e,A + e] 



n-»2 
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Taking e ^ yields condition (Rp) (see Proposition 1, Chapter XI, [68]). □ 



3. Sharp spectral multipliers - compactly supported functions 

In this section we show that the restriction type condition which we introduce in the previous 
section can be used to obtain sharp spectral multiplier results in the abstract setting of self-adjoint 
operators acting on homogeneous spaces. We first consider the case of compactly supported func- 
tions. We assume here that {X, d,ji) is a metric measure space satisfying the doubling property and 
recall that n is the doubling dimension from condition (2.2). We use the standard notation W^'^(K.) 
for the Sobolev space Hi^HiyA? = ||(/ - (f Idx^'f^^FW^. The first result and its proof are inspired by 
Theorem 1.1 of [28]. 

Theorem 3.1. Suppose that operator L satisfies property (FS) and condition (STp J for some 
p, s, q such that \ < p < s < co and I < q < oo. Next assume that F is an even function such that 
suppF c [-1, 1] and F e W^^'«(R)/or some /3 > n(l/p - l/s). Then F{t^[L) is bounded on LP{X) 
for all t > 0. In addition, 

(3.1) supmt^^L%^p<C\\F\\w>^,. 

t>0 

We described the proof of the Theorem 3.1 at the end of this section. 

A standard application of spectral multiplier theorems is Bochner-Riesz means. Such appli- 
cation is also a good test to check if the considered multiplier result is sharp. Let us recall that 
Bochner-Riesz means of order 6 for a non-negative self-adjoint operator L are defined by the 
formula 

(3.2) si(L) = (l-^)[, R>0. 

The case 6 = corresponds to the spectral projector E ^[0,R]. For 6 > we think of (3.2) as 
a smoothed version of this spectral projector; the larger 6, the more smoothing. Bochner-Riesz 
summability on describes the range of 6 for which 5^(L) are bounded on L^, uniformly in R. 

In Theorem 3.1, if one chooses F(A) = (1 - /l^)^ then F 6 W^''^ if and only if 6 > /3 - l/q. 
Therefore, we obtain 

Corollary 3.2. Suppose that the operator L satisfies the finite speed propagation property (FS) 
and condition {ST with some I < p < s < oo and I < q < oo. Then for all 6 > n(l/p-l/s)-l/q, 
we have 

11/ ^x-^ll 

(3.3) 

uniformly in R > 0. 

As a consequence, we obtain the following necessary condition for the restriction condition 
(STp s) (see also Kenig, Stanton and Tomas [38]). 

Corollary 3.3. Suppose that \/q > n{l/p - l/s) for some q > I and I < p < s < oo. Then 
condition (STp J implies that L = 0. 
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Proof. Note that if 1/^ > n(l/p - 1/s) for some ^ > 1 and 1 < p < 5 < oo, then there exist 
(5 < and e > such that S^iA^) = (1 - A^)^ e W"^^'^^^^'''. By Theorem 3.1, the operator 5^(L) is 
bounded on L^iX) uniformly in R, i.e., ||5^(L)||p^p < C < oo for some constant C > independent 
of R. However, 5^(L) is a self-adjoint operator, so ||5^(L)||p/^p/ < oo, and by interpolation, 
||5^(L)||2_2 < oo. LetM = 1 + ||5^(L)||2^2- It follows that 5 ^(/l) > MforalU e [R\l-M^^^), R^]. 
By spectral theorem, this implies that ^^[^^^(l - M^^^), R^] = 0. As i? is arbitrary positive number, 
this implies L = 0. □ 

Remark 3.4. Note that condition (STp s) allows us to define the operator S^^^L) even when 6 <Q 
when the function A S^^{A^) is unbounded. 

We return to the discussion of Bochner-Riesz analysis in Section 5 and we now discuss a dis- 
creet version of Theorem 3.1. 

It is not difficult to see that condition (STp J with some q < oo implies that the set of point 
spectrum of L is empty. Indeed, one has for all < a < 7? and x eX, 

||ll,„,( VL)/'b(,,,)||^^^. < CV{x,r)H{rR)<-^t^a^m% = 0, Rr>\ 

and therefore ]ljaj( "V^) = 0. Due to cr(L) c [0, oo), it follows that the point spectrum of L is empty. 
In particular, (STp J cannot hold for any ^ < oo for elliptic operators on compact manifolds or for 
the harmonic oscillator. To be able to study these operators as well, we introduce a variation of 
condition (STp J. Following [21, 23], for an even Borel function F with suppF c [-1, 1] we 
define the norm by 

( 1 ""'^^ 

\W\\n. 



where ^ e [1, oo) and 6 N. For ^ = oo, we put IIFIIa^ oo = II^IU- It is obvious that WW^^q increases 
monotonically in q. 

Consider a non-negative self-adjoint operator L and numbers p, s and q such that \ < p < s < oo 
and 1 < q < oo. We shall say that L satisfies the Sogge spectral cluster condition if: for a fixed 
natural number k and for all A'^ 6 N and all even Borel functions F such that suppF c [-A^, A^], 



(SC^;:) ||F( VI)/'b(,,,)||^_^^. < CVix, ry-HNrr^T-^'>\\6MF 



\N'',q 



for oil X eX and r > 1 IN. For q = oo, (SC^f) is independent of k so we write it as (SC^J. 



Remark 3.5. It is easy to check that for k > \, (SCp^g) implies (SCp^s). 

Theorem 3.6. Suppose the operator L satisfies property (FS) and condition (SCp^^) for a fixed 
/c 6 N and some p, s, q such that 1 < p < s < oo and 1 < q < oo. In addition, we assume that for 
any s > there exists a constant Q such that for all N £ N and all even Borel functions F such 
that supp F c [-A^, A^], 

(ABp) ||F( yfL%^p < C,N<->'\\6NFU.,g. 

Then for any even function F such that supp F c [-1, 1] and\\F\\\Y/3.q < oo for some /3 > max{7i(l/p- 
l/s),l Iq}, the operator F(t ^[L) is bounded on IP {X) for all t > 0. In addition, 

(3.4) sup\\Fit^)\\,^p<C\\F\\w,,. 

t>0 
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Note that condition (SCp^s) is weaker than (STp g) and we need a priori estimate (ABp) in The- 
orem 3.6. See also [21, Theorem 3.6] and [23, Theorem 3.2] for related results. Once (SCp^s) is 
proved, a priori estimate (ABp) is not difficult to check in general, see for example the section on 
the harmonic oscillator. 

Following [23], we prove the following result. 

Proposition 3.7. Suppose that fx(X) < oo and (SCp l) for some p, s,q such that I < p < s < oo 
and 1 < q < oo. Then 

\\FiyfL%^p < CN"^t-^)\6mF\\m,, 

for all N e N and all Borel functions F such that supp F c [-A^, A^^]. Therefore, for any even 
function F such that suppF c [-1,1] and WFWy/m < co for some yS > max{n(l/jt? - 1/ s),l /q}, the 
operator F(t VT) is bounded on LF{X)for all t > and 

sup\\F(t^^L)\\„^,<C\\F\U,. 

t>0 

Proof. Since fj.{X) < oo, we may assume that X = B{xo, 1) for some Xq & X (see [3]). It follows 
from Holder's inequality and condition (SCp^s) that 

||F(Vl)|U„ < ViX)T'~'^\\F(^)P 



< Cy(X)i"V(X)^"iA^"(i"^^||5;vi^|U,^ 



< CN"^-p-'-\\5nF\ 



N,q- 



This means that (ABp) is satisfied and thus the last assertion follows from Theorem 3.6. This 
proves Proposition 3.7. □ 

The proof of Theorems 3.1 and 3.6 uses the following lemma. In the case where the volume is 
polynomial this lemma is proved in [28] using a similar argument. 

Lemma 3.8. Suppose that T is a linear map such that for all x eX and r > the operator TPB(x,r) 
is bounded from LP{X) to U{X)for some \ < p < s < co. Assume also that 

supper c !Dp 

for some p > 0. Then there exists a constant C = Cp^^ such that 

mip^p < C sup {Vix,p)r''^\\TPB(x,p)\\p^.}. 
xeX 

Proof. We fix p > 0. Then we choose a sequence (x„) e X such that d(Xi,Xj) > p/10 for i 4^ j 
and sup^gj^ inf, J(x, X,) < p/10. Such sequence exists because X is separable. Second we let 
Bi = B(xi,p) and define 5, by the formula 



where B(x,p) = {y e X: d{x,y) < p}. Third we put = Xb^ where is the characteristic 
function of the set 5,-. Note that for i + j B(xi, ^) n B{xj, ^) = 0. Hence 

V(x, (2 + ^)p) 

K = sup#{j : d(Xi, xj) < 2p} < sup /° < C41" < cx,. 

i X V{X, 20 ) 
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It is not difficult to see tliat 

Dp c [j Bi X Bj c 

{(,;': d(Xi,Xj)<2p] 

SO 

iJ:d(Xi,Xj)<2p 

Hence by Holder's inequality 

i,j:d{Xi,Xj)<2p i j: d{Xi,Xj)<2p 

< CKP-^ J] J] \\P~bTP~b/K 

i j:diXi,Xj)<2p 

< CK"-' KBi^'-'IIPbTPb/II': 

i j:d(Xi,Xj)<2p 

<CKPYu^{BjtT-hTP~,/V: 

J 



< sup {v{x,ptT-i\\TPs^^,j\';^,] y wp^fr 

xeX ; 



= CKPsup{V(x,prT-nTPBix,pX^s}\\frp- 

xeX 

This finishes the proof of Lemma 3.8. 

Proof of Theorem 3.1. Let rj e C^iR) be even and such that supp?7 c : 1/4 < |^| < 1} and 

E r](2~^A) = 1 V/l > 0. 

Then we set rjo(A) = 1 - 2f>o '7(2~^/l), 

(3.5) F^°\A) = — I r]o(t)F(t)cos(tA)dt 
and 

(3.6) F^^(A) = — I r]i2-^t)F(t)cos(tA)dt. 



Note that in virtue of the Fourier inversion formula 

f(A) = J]f^'\a) 

e>o 

and by Lemma 2.1 

suppi^^,0(,v7;) c D2f,. 

Now by Lemma 3.8 

ll^('^)IU„ ^ EII'^"'<'^>IU,. 

(3.7) < ymv{V(xa'ty'~'\\F^%^^L)Ps(.,2't) 



xeX 
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Since F^^'' is not compactly supported we choose a function ij/ e C~(-4, 4) such that ilf(A) = 1 for 
A 6 (-2, 2) and note that 

(3.8) < VZ)P5(.,2^,)||^^^ + ||((1 - ,fr)F^'^)(t^^L)Ps(,^24p^^■ 

To estimate the norm \\{il/F^^^)(t yfL)PB(^jt2h)\\p->s, we use condition (STp J and the fact that if/ 6 
Cc(-4, 4) to obtain 

\\{i/^F^'^)it^)Ps,.^24p^^<CV(xa^^^^^^ 

for all ? > 0. Hence 

J] sup {V(x, 2^t)H yfL)P,,,,4^J < C J] 2^«^^^>||54r. 

(3.9) < Cj]2'"^'r-^^\\F^X 

= CIIFII 

9. 1 



where the last equality follows from definition of Besov space. See, e.g., [5, Chap. VI ]. Recall 

g«(i/, 

9,1 



also that if^S > n(\/p - \/s) then W^--? c and IIFII^,,,;/,,-!/.,) < C^||F||iyA,, see again [5]. 

Hence the forgoing estimates give 

(3.10) ^sup{y(x,2^0'"'||('Ai^^'^)(?VI)Pe(x,2^,)||^^j < CIIFII^,.. 

Next we show bounds for ||((1 - i//)F^^^)(t ^)Pb( ^2^0 II ^^^'^^ function 1 - i/r is supported 
outside the interval (-2, 2), we can choose a function 6 C^(2, 8) such that 

1 = (A(^) + Yj '^(2"'^) = <A(^) + 2 "^^^^^ > 0- 

Hence 

((1 - il^)F^'^){A) = {<PkF^''W > 0. 

It follows from the implication (ST^,^ ^ (ST~ ) that 

\\{{l-i]i)F^'^){t-jL)PBi,2't)\\p^s ^ J]||(<^|i^^'0(^VI)i' 

k>0 

< Cj] V(x, 2^o'-'2"(^^'^)(i-^)||52*.3,.(0,F(^))(?. 

Note that suppF e [-1, 1], supp0 c [2, 8] and 77 is in the Schwartz class so 

WcPkF^^ = 2'\\MF * S2.fi)\l < C2-^(^-^)||F||, 
and similarly, H^/t^^o^lL < C2-^''\\F\\^. Therefore 

||((1 -^)F(^))(.VZ)P«(,2^,4^^ < C;^y(x,2^0^-^2"^^^^^^^^^2-^(^-^)||F||, 



feO 



(3.11) < CV(x,2't)--T>T'"'-r 



^.^T-7;^%(7-7)-M) 
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Hence 

2 sup {V{x, 2^0'-^ ||((1 - ^)F'''){t yfL)Ps(.^,4^J < Cj] 2''"^Hy^\\F\\, 

(3.12) < CIIFII,. 

Now estimate (3.1) follows from (3.12), (3.7), (3.8) and (3.10). This completes the proof of 
Theorem 3.1. □ 

Proof of Theorem 3.6. 

Case (I). t> 1/4. 
If ? > 1/4 then supp^fF c [-4, 4]. By (ABp), 

||FaVI)IU, < CA<'--^^^%5,{F{t-))\W,,<C\\F\U. 
Recall that if > Ijq, then W^^%W) c L"(R) n C(R) and ||F|U < C\\F\Um. Hence 

sup \\F{t^)%^p < CIIFIU < C\\F\\w,,. 

t>\IA 

Case (2). f < 1/4. 

Let ^ e C~ be an even function such that supp^ c [-1,1], |(0) = 1 and |(*^^(0) = for all 
1 < < IjS] + 2. Write = A^''"'^(A^''-^-) where = %\t~^^ + 1 and [r'] denotes the integer part 
of Following [21] we write 

Fit <L) = {6,F - ^^.-1 * 6tF){ ^^L) + (^^.-^ * 6,F){ VI). 

We first prove that 

(3.13) ||(5,F-^;v-'* W(VI)||p^p < C\\F\\^,,. 
Observe that supp((5;F - ^^,.1 * 6,F) c [-A^, A^]. We apply (ABp) to obtain 

(3.14) \\{6,F - ^j,.-. * 6,F)( Vl)\\p^p < CN^'-^^^-'p^idrF - * 6rF) 



\N'',q 

Everything then boils down to estimate WWN^q norm of 6N{5tF-^i^K-i*dtF). We make the following 
claim. For its proof, see [21, (3.29)] or [23, Propostion 4.6]. 

Lemma 3.9. Suppose that ^ 6 C^ is an even function such that supp^ c [-1,1], 1(0) = 1 and 
|W(0) = 0/or alll <k<\Ji\+2. Next assume that suppi^ c [-1, 1]. Then 

(3.15) \\H - * < CN-^mU,, 
for all J3 > 1 /q and any N eN. 

Note that d^iStF - ^n"-' * SfF) = SmF - ^n" * ^mF. Now, if /3 > max{n(l/;? - l/s), l/q} then 
(3.13) follows from Lemma 3.9 and estimate (3.14). 

It remains to show that 

(3.16) Wi^^.-^ * 6rF)(yfL%^p < C\\FU,,. 

Let F^^^ be functions defined in (3.5) and (3.6). Following the proof of Theorem 3.1, we write 

(^;v-i * SrF)(A) = (^^.-1 * 6,F^'^)(A\ 
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and by Lemma 2.1, supp K^^^^^^g^pio^^^.^^ c D2(f Now by Lemma 3.8 

(3.17) < J]sup{y(x,2^0'"'||(^;v-> *^.i^^'0(VL)P5(,,2^,)||^^J. 
Take a function i/r 6 C^{-4, 4) such that = 1 for i 6 (-2, 2). Then 

(3.18) + ||((1 - Sr^N^-^ * 5rF^''>))i ^)PB(.a4p^, = Ie + Ut- 
Note that (SC^;^) ^ (SC;°J and ? < 1/4. Using (SC;°,) instead of (ST~ ), we show as in the proof 

of (3.11)that#f < CV(x,2^r)^"^2^^"^^"^^"^^||F||^for some large M > /7(l/p - I/5) + L 
Next we estimate the term I^. We assume that ip e Cc(-4, 4) so by (SCp^s) 

I, < CVU,2^0'"'2^"(i-^)||5^((5,(A(^^.-. *5,F(^)))||^,^^. 

Observe that (see also [21, (3.19)]) 

|(^ * 5,F<«)(i)| < ^ \F^'\tu)m)'" 



so 



1 1/ 

\\SN(6,,lf(^f,.-^ * S,F'-'%\^ = ( y sup mNA)(^^.-.*6,F^'^)(NAr) ' 

1 

1 T'^"^' 1/ 

< c(— J w'-'KuTdu) ' < c||F 



1 1 F„li 1 - 



This shows that le < CV{x, 2^t)'~'i'2^"'''i'~~\\F^^^\\q. Using the above estimates of Ic and Ec, together 
with (3.17) and (3.18), we can argue as in (3.10) and (3.12) to obtain estimate (3.16). This proves 
Theorem 3.6. □ 

Now we discuss another condition introduced by CD. Sogge (see [56, 57, 58]). We say that 
L satisfies {p,p') spectral cluster estimate (Sp) for some 1 < p < 2 and its conjugate p' if the 
spectral projection E^[k, k + I) maps L^(X) to U' {X) and 

(Sp) \\eS-^, k + < c(i + k)<-y^-' 

for all k>0. 

Proposition 3.10. Suppose that \ < p < 2n/(n + \), ju(X) < 00 and V(x,r) < Cmin(r", I) for 

2 1 

every x e X and r > 0. Then conditions (Sp) and (SCp'j) are equivalent. 
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Proof. We first prove the implication (Sp) => (SCp 2). Note that for every even Borel function F 
such that suppF c [-A^, A^], 

N 

\\F{<L)fg = Yj<E^Vk,k+l)F{<L)f,E^{k,k+\)F{<L)f) 
Using aT*T argument and condition (Sp) we obtain 

N 



< J]\\E^^[k,k+l)F{VL)\[ 



^ cJ]\\^^Lik,k+l)FiyfL)\\l^^ 

k=0 
N 

< cV sup \F(Af(i+kT^''~y^'^ 

N 

N 

< CVix, rf^-^-p\Nrf"^>'~H6NF''^ 



1 

< CN"^-r-y^-y sup \F(Ai 



1^,2' 



2 1 

and hence condition (SCp'2) is satisfied. 

Next we prove the implication (SCp'2) ^ (Sp). By (SCp'2) 
(3.19) \\xikMi)(^)\\p^2 ^ C{l+kr^T~-2%, 

+k)X[k,k+i)\\l+k,2- 

Hence 

\\E^,[k,k+l)\\. = \\E^^[k,k+V'' 



p-^p' II ' lip— >2 

Il2 

1+4,2 



< c{i+kf<-m6(^,^t)X[kMi)\ 



< C{k+lf''~7^~\ 



which shows (Sp) 



Proposition 3.11. Assume that ^{X) < 00. Then conditions (SC^j) CLnd (ST^2) are equivalent. 

Proof. Since /i(X) < 00, we may assume that X = B{xo, 1) for some xq e X. Observing that 
ll-f'lk.oo = lli^lloo, we have the implication (ST|^2) ^ (SC~2)- Let us show the implication (SCj^2) =^ 
(ST|;°2)- Assume that supp F c [0,R]. If i? > i, then we let = [i?] + 1 and (ST^j) follows readily. 
Now for < i? < 1, from condition (SC^2) can take A^^ = 1 and the ball B(xo, 1) to obtain 

l|i^(VI)||p-.2<C||F|U. 

Now for any x e X and r > 0, we note that conditions 1/2 - l/p < and fx{X) < 00 give that 
V(x, ry^-^'P > C. Hence for any r>l/R, 

||f( VI)PBav-)||^^2 ^ ^ CV(x,ry-HrRy<H)\6j,F\U, 

this is (ST^2)- The proof of Proposition 3.11 is finished. □ 
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4. Sharp spectral multipliers - singular integral case 

4.1. Statements. As in Section 3 we discuss two type of results corresponding to estimates 
(STp2) or (SCp 2). The aim of this section is to prove singular integral versions of Theorems 3.1 
and 3.6. We use the same assumptions and notation as in Section 3. Recall that n is a homogeneous 
dimension from (2.2). Fix a non-trivial auxiliary function 77 6 C^(0, 00). 

Theorem 4.1. Assume that operator L satisfies property (FS) and condition (STp ^ for some p, q 
satisfying 1 < p < 2 and I < q < 00. Then for any even bounded Borel function F such that 
sup,>o \\ri6tF\\wii.q < 00 for some /3 > ma.x{n(l/p - 1/2), l/q] the operator F( ^JT) is bounded on 
U{X)for all p < r < p' . In addition, 

||F( VI)||,-^,- < CpU^^p\\r^6Mw^■'. + l^l)- 

t>Q 

Note that if ^ < 00 then condition (ST^2) implies that £'l({0}) = (and in fact Eii[X]) = 0) so 
the term F{0) can be omitted in the above statement. 

The next theorem is a variation of Theorem 4.1 suitable for the operators satisfying condition 
(SCp'2). It is a singular integral version of Theorem 3.6 above. 

Theorem 4.2. Suppose the operator L satisfies property (FS), conditions (Ep 2) and (SCp 2) for 
some p, q such that 1 < p < 2 and I < q < 00, and a fixed natural number k. In addition, we 
assume that for any s > Q there exists a constant such that for all N e N and all even Borel 
functions F such that supp F c [-A^, A^], 

(ABp) ||F( ^)\\p^p < C,N''"^r-2)^'\\6MF\y.,g. 

Then for any even bounded Borel function F such that supf^Q\\7]6tF\\wfi.'i < 00 for some fi > 
max{n(l/p - 1/2), l/q} the operator F{y[L) is bounded on U{X) for all p < r < p'. In addi- 
tion, 

||F(VI)|U,<cisup||775,F|| Y/P-q + 1^* (U)| 1. 



Remark 4.3. Suppose that ix{X) < 00 and (SCp 2) holds for some k > \. Then (SC~2) <^nd (Ep 2) 
are satisfied by Remark 3.5 and Proposition 3.11. In addition, (ABp) holds by Proposition 3.7. 
Therefore, Theorem 4.2 holds in this case without assumptions (Ep 2) and (ABp). 

By a classical dyadic decomposition of F, we can write F( VL) as the sum 2 Fj{ VI). Then we 
apply Theorems 3.1 and 3.6 to estimate ||F^( VI)||r--»r- However, as mentioned in the introduction, 
this does not automatically imply that the operator F( VI) acts boundedly on U . See [11, 52, 53] 
where this problem is discussed in the Euclidean case. Our proof is almost identical to one in [1 1]. 
Nevertheless we give full details because the changes which are required to adapt the arguments 
to the general setting are not trivial. 

Note that condition (STp ^ implies (Ep 2) (see Proposition 2.3). Therefore Theorems 4. 1 and 4.2 
follow from Theorems 3.1 and 3.6 (with s = 2^ and the next result. 

Theorem 4.4. Assume that L satisfies the finite speed propagation property (FS) and condition 
{EpQ^2) for some I < po < 2. Next assume that for all even Borel functions F such that suppF is 
compact and \\F\\wP-9 < 00 for some and q satisfying fi > max{n{\ / pq- 1 /2), \/q}and I < q < 00, 

(4.1) snpmt^fL)\\p^p<C\\F\\„,,, po < p < p'o- 

t>0 
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Then for any bounded Borel function F such that 

(4.2) sup\\T]6tF\yfi.i < oo 

for some /3 > max{n(l / po-l /2), l/q}, the operator F{^JL) is bounded on U{X) for all Pq < r < p'^. 

4.2. Singular integrals. This subsection is devoted to the proof of Theorem 4.4. We start with 
the following lemma. 

Lemma 4.5. Suppose that operator L satisfies property (FS) and condition (Ep^ 2) for some 1 < 
Po < 2. 

(a) Assume in addition that F is an even bounded Borel function such that 

m^\\T]6tF\\cK < 00 
/■>() 

for some integer k > n/2 + 1 and some non-trivial function 77 6 C^(0, 00). Then the oper- 
ator F( VL) is bounded on D\X)for all po < p < p[y 

(b) Assume in addition that i/r be an even function in S^(W) such that i{/(0) = 0. Define the 
quadratic functional for f e L^{X) 

&L{f)(.x) = VL)f\^f'\ 

Then Qi is bounded on UiX^for all po < p < p'^. 
Proof. The finite speed propagation property implies - off-diagonal estimate 

\\Px\B(x,2Jr)^ '' ^PB{x,r)\\2^2 < Cc '^^ , 

see [19, 55]. It follows from (Ep^ 2) that 

\\Px\B(x,Vr)e~'''^PB(x,r)\\po^2 < CV(x, rY^'^o . 

Now the Riesz-Thorin interpolation theorem gives for p 6 {po, 2) the following L'^-L^ off"-diagonal 
estimate 

\\Px\B(x,vr)e-'''^PB(x,r)\\p^2 < CV(x, ry-'T' e-''^'\ 
Now assertion (a) follows from [6]. The latter off"-diagonal estimate implies that L has a bounded 
holomorphic functional calculus on for po < P < p'q (see [7]). It is known that the holomorphic 
functional calculus implies the quadratic estimate of assertion (b) (see [20, 45]). □ 

Throughout the rest of this section, O denotes an even function, O € y{R) such that 0(0) = 1 
and whose Fourier transform O is supported in [-1, 1]. We take rj e C^(R) even and such that 
suppr/ c : 1/2 < 1^1 < 2} and ^^ez ^(2'^/l) = 1 for all A>0. Set T]e(A) = 7/(2^/1) and 

= T]_^F, ££Z. 

Put Qe{A) = Yuk>Qm+M)- 

Proposition 4.6. Suppose that operator L satisfies property (FS) and condition (Ep(,_2) for 1 < 
Po < 2 and let po < p < 2. Assume in addition that for an even bounded Borel function F the 
following estimates hold 

(4.3) sup II J] F'J^'\ yfL)rjj,,i VI)||^,^^ < cx, 
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and 

(4.4) sup II ^ F^^^'\ VL){I - 0(2^' VI))e/ VI)L^ < oo. 

Then F{ y/T) is of weak-type (p, p). 

Proof. Let / e LP{X) and a > p.(Xy^^P\\f\\p. A simple variation of the Calderon-Zygmund 
decomposition of Ifl^ at height a shows that there exist constants C and K such that f = g + b = 
g + Yui^i so that ll^llp < C||/||p, ll^lloo < Ca, each bi is supported on ball 5, of radius and 
#{/ : X e 85,} < K for all x e X, < CaP^iBd, and < Ca-PUfp. As a 

consequence, Q;''^^||^||2 < C||/||p. As in [11], we choose 2^^'^ rather than r(i) to be able to sum in j. 
We define the "nearly good" and "very bad" functions g and b by 

g = g + Y^ 20(2^('> yfL)bi - Yj ^^(2^® ^)bi and b = _^(/ - <D(2^(') Vl))^^?;. 

By Lemma 2.1, suppO(2^'^'^ ^)bi c 45,, and by the Calderon-Zygmund decomposition, every 
X eX belongs to no more than K balls 45,. Let N > n{\/p - 1 /2). Now by condition (Ep,, 2) 

||20(2^«VI)Z>,H^ <i^Xi 11^(2^'" ^Hl2 

2 
2 



< C ^ sup |0(2^®/{)(1 + 2^®i)^f ||(1 + 2^® VZ)-%| 

i 

<cY,l^{Bif^M\h\\lix{BiW-^ 

i 

< C(/YjfxiBi) < Ca^-P\ 



Replacing O by yields || 2,- 02(2^(') VI)Z?,||2 < Ca^-^H/Hj^. By the standard argument 

li{{x : F{-lL){g){x) > a]) < Ca-P\\f\\>;. 

It remains to treat 

F{ yfL)[ ^(/ - 0(2^'(') ^yfb) = YjYj ^^^'®^^^( ^)(^ - •^(2^® Vl))^^?,- 
(4.5) + Zi Zi ^^■'®^^^( ^)(^ - ^(2-''® Vl))2Z7,-. 

i f<0 

By Lemma 2.1 

suppF(^'(')+^)( Vl)(/ - 0(2^'<'^ Vl))^^?,- c 5(x,-, 2-''®+^+i + 3 ■ 2-''®) c 85,-, < 0. 

Thus the second term of (4.5) is supported in U85,- and 2 ;u(85,) < C 2 //(5,) < Ca~P\\f\fp. 
To treat the first term we show that 

(4-6) II Yj Z ^'''''^ ^^^^ - ^^2' ^^^'fj\\p ^ Z l^^l 

If we apply (4.6) with 

fj = Z 
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we see that 



II ^ ^ VI)(/ - 0(2^-('-) <L))\\l = II E ^''^''^ ^^^^ - 

^ C(J]||i„||p"''<C||/||„ 

which completes the proof. 

As in [1 1] we argue that by duality, (4.6) is equivalent to 

(4.7) II sup I J] F^J'-'\ VI)(/ - 0(2^' yfL)fh\\l, < C\\h\\p,. 
Write 

^^o+0(VI)(/-o(2^VI))' = _^^f<^'-^«(Vl)(/-o(2^'VI))V^(VI) 

(4.8) + J^F^j^^\yfL){I -<!){2jyfL))^QjiVL). 

e>o 

Let fj e C^(0, oo) be a non-negative function satisfying supp?) c [1/4,4] and 77 = 1 on [1/2,2], 
and let fjj denote the function fjil^-). By Lemma 4.5 point (b) with i/f = f] there exists a constant 
C > independent of < such that for 2 < p' < 

( J] \\fjj,,i vi)/z|i;;;)'^'' < ||( ^ \fjM ^)hff\ < qm,,, 

and by Lemma 4.5 point (a), it follows that for 2 < p' < p[^, ||(/ - 0(2^' VI))^||//-^p' < C for some 
constant C > independent of j e Z. Hence 

sup I ^ ^ F^^^'\ - ^{V VI))'77y^,( VI)/l||| , 

k<0 e>Q ^ 



k<0 j e>Q 



p'\Up' 



< C ^ sup (||(/ - 0(2^' VI))'||,y^;/|| F'j^'\ <L)r^j^k{ VI)|| ^_^^J 

x(j]ll^,..(Vi)/,|i;;)' 



,p'\Up' 



J 

(4.9) < C ^ sup II ^ F^J^'\ yfL)Tjj,,i yfL)\l,^^,\\h\[p, < C\\h\\p,. 

k<o j e>o 

The last inequality follows from assumption (4.3). Using assumption (4.4) instead of (4.3) the 
similar argument as above gives the following estimate 

I sup I ^ F'J^'\ ^iL){I - 0(2^' VZ))22/ VL)/z||| < C\\h\\p,. 
This shows (4.7) and ends the proof of Proposition 4.6. □ 
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Proposition 4.7. Suppose that operator L satisfies property (FS) and condition (Ep„_2) for some 
1 < Po < 2 and fix p 6 {po, 2). Next assume that for all even Borel functions H such that supp// 
is compact and < co for some /3 > njl, 

(4.10) sup||//aVZ)||^^p<C||//||^.,». 

Then for any even bounded Borel function F such that ||(F77;)^^^( VX)||p^p < a{i - j)for all i, 7 e Z 
with 



J^(\k\ + l)aik) < cx,, 



k<0 



the operator F( VT) is of weak-type (p, p). 

Proof. By Proposition 4.6, it suffices to verify (4.3) and (4.4). Note tliat we may assume F(0) = 
since F = F- F(0) + F(0). 

Firstiy we sliow (4.3). Fix k < 0, £ >0 and j eZ and write 

F^^^'\^^L)r]J^,{^fL) = Yj{Fr]i^jyJ^'\VL)r]j^,{yfL) 

ieZ 

k+2 

i<k-2 i=k~2 i>k+2 

The main term is Hjkt; Ijte and llljj,c are error terms. By (4.10), \\rij+ki ^)\\p^p < C so 

t+i 2 
WHjktWp^p < Cj] \\(Fr]i^jf^'\ <L)\\p^p <cY^a(k + i- i). 

i=k-l i=-2 

Thus, 

(4.11) ^ ^ sup ||ZZ,kII;,^p < C^(|m| + l)a(m) < c». 

k<0 £>0 ^ m<2 

To estimate \\IjkA\p->p set 

G{A) = Y,(FTjt,jf^'\2~J~'A)u(A). 

i<k-2 

Observe tliat 

y (Frj^,jyJ-'K2-J-'A)) = [ V F(5)7/,,;(5)2^--^2(^-«^(77)^^)(2^-^^ - V-'s)ds. 

Now V+^\s\ > 2''-'^+2 > 2^-'^+i|i| for A 6 [1/2, 2]. We may estimate the integral for each 6 N by 



/ 



\F\LV^'2^'~'^y ds. 



If A'^ is chosen sufficientiy farge, this is dominated by \\F\\a,2^'^~''^^^~^'^'^\ This yieids 

(4.12) WGWwr.- < C\\F\U2''^'-''> 

for some eo > and all y 6 N. Then by (4.10) \\Ijkc\\p^p < C\\F\\oo2^°^^-^ . Hence 

^^SUpWIjkiWp^p < 00. 

k<o e>o j 

We estimat nijkc in the similar way as WljkeWp^p- This proves (4.3). 
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Secondly we show (4.4). Fix £ >0 and j 6 Z. Write 



;•<() ;>o 



We start with the term Ajc. By condition (4.10) there exists a positive constant C independent 
of j such that ||(/ - (b{2^ ^jL))Qj{^jL)\\p^p < C. By assumptions of the proposition, we have 
||(F77,-+,)(^+«( VI)||p^p < a(i - I). Hence 

sup II ^Al^p < C ^ ^ a(/ - ^) < C ^(|m| + l)a(m) < oo. 
It remains to treat the term Bj(. More precisely, we want to prove that 

j e>o ;•>() 

= sup ^ II ^ Yj{F7]<^jf^^'\ VI)77;+K VI)(/ - 0(2^' VI))e,-( VI)||;,^p < oo. 

j e>0 i>0 keZ 

We write 

(>0 keZ 

as 

oo £ k ft ( oo oo f oooo 

k<0 i=l k=l i=l k=l i=k+l k=l i=e+\ k=e+l i=l k=(+l i=£+l 

= Ijt + Ilje + mj( + Njt + Vji + VI jf 

Claim 1. For k < 0, 



i>0 



for some s > 0. 
Claim 2. 



K K 
!=1 i=I 

C/aim 5. For k < i, ||(F77,+y)(-'+^)( VI)?7;+i( VI)||p^p < Cl-^^^^^^^, so that 

e 

<L)%^p < C(£ - k)!''^^'-'^ < CT 



-E(t-k) ^ r^'>,-e' it-k) 

'li+jj V iJ^J'lj+k\. y^JWp^p ^ — i^J^ 

i=k+\ 

Claim 4. For £ >k, 

oo 

i=e+i 

Claim 5. 



i=i (=1 
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Claim 6. For k> £, 

CO 

i=e+\ 

If we agree with the claims 1-6, we can finish the proof of the proposition as follows. Let fj 6 
C^(0, oo) be a non-negative function as in (4.9). We note that by condition (4.10), 

By Claim 1, 



(4.13) < Cmin{l,2~*=}. 



-s(e-k) ^ 



by Claim 2 and (4.13), 



by Claim 3 and (4.13), 



by Claim 4 and (4.13), 



by Claim 5 and (4.13), 



by Claim 6 and (4.13), 



Hence 



{ k 



PA-.p<C^^a(/-^)2-^"^ 



k=l (=1 



\nije\\„^, <cY i-'^'^'-'^i-'"' < C2-''- 



k=\ 



k=\ 



oo { 



k=e+i i=i 



and 



||W,,||,,^p <CY 2^'"' < 2^'^'. 
k=e+i 

Y Wje + Nje + VIjA\p^p <CY 2"' < 

e k oo e 



Mje + vjsWp^p < cYY""^'- ^^2""' +^YY''^'- ^^2""' 

k=l i=l k=e+l i=l 

e oo e 

= cJ]a(/-022-'^<c2a(/-02-\ 



(=1 k=i i=l 



Thus 



^llz7,-, + y,-,ll,,^,, < c^^2-^W-0 

e>o 1=1 

< CY aim)2-'"' Y 2'''^ -^Y ""^^^ ^ 



£>o e>o 1=1 



m<0 C>-m m<0 
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Now Claims 2 and 5 follow immediately from the definition of a{j). Similarly to the proof of 
(4.12), we use condition (4.10) to prove Claims 1, 3, 4 and 6. So to establish Claims 1, 3, 4 and 6 
we examine 



dJy 



for ~ 1, (where the sum is over a range of i depending on which claim we are proving). In any 
case, we obtain 

dAy 



For Claim 6, we just use | < C and the fact that the integrand is supported in a set of measure 
< C2"'^^"^^^ to estimate the integral by ||F||oo2*^'^~''^^; under the hypotheses of Claims 1, 3 and 4 we 
have that (essentially) 2^'''\A\ > 2 ■ 2^'^^\s\ if \A\ ~ 1, and thus we may estimate the integral by 
||F||oo2^'^'^2^^"*'^'^^"^^ multiplied by the measure of the support of the integrand, for each N e M. 
These measures are 2'\ 2^'^^ and 2"^"^ respectively, and so in each case we can dominate the 
integral by C2^(-k)(y-N+y) f^j. n en. □ 

Recall that for < or < 1, A^, is the usual Lipschitz space as defined for example in [60]. As a 
consequence of Proposition 4.7, we have the following result. 

Corollary 4.8. Assume that operator L satisfies property (FS) and condition (Ep^ ^) for some 
I < Pq < 2. Next assume that for all even bounded Borel function F such that suppF is compact 
and \\F\\^/p.<" < oo for some ^ > n/2, 

(4.14) sup\\F(tVL%^p<C\\F\y^.^, po<p<p'o. 

t>0 

Then for any bounded Borel function F such that for all i, j e Z, 

(4.15) \\(Fuif\ VZ)||,_., + ||7752-'F||a„ < C 

for some < or < 1 and all po < r < 2, F{ y/T) is bounded on U for po < r < p'^. 

Proof. First, we note that ||7752-.F||a„ < C is equivalent to ||(F?7/)^^')( VI)||2^2 < 2"^''^K By interpo- 
lation, there exists some a' > such that 

\\{Fl^if\-IL)\\r^r<cr'^'-^' 

for all Pq < r < 2. From Proposition 4.7, F{^[L) is of weak-type (r, r) for all pq < r < 2. 
duality and interpolation, F{ ^[L) is bounded on U for po < r < p'^. □ 

Proof of Theorem 4.4. It is enough to verify conditions (4.15) of Corollary 4.8. First we note that 
by definition 

{Fr]d'\A) = J F(2-'t)r](t)u-(2'A - t)dt = (62-.Fr]f-'\2'A), 

so ||(F?7,)^^'^( VI)||r^r = \\{62-iF7]Yj-'\2' VI)||r^,-. Let i^heaC^ even function which is supported 
on [-8, 8] and i/r(i) = 1 on [-4, 4]. Write 

\\{62-.Fr]f-\2' -lL)\\r^r < \m52-Fri^^-'^){2' VI)||,-^,- + I|((l - i]i){,52-.Frif-'^){T VI)I|,^,. 

Observe that the function tff{62-iFriy-^~'^ is supported on [-8, 8] and 

m62-.Fr]f-'^\y^, < C\\{62-Fr]f-'^\yi^, 

= C\\^-\il+ff^6;:Fr](^)rji^jim\cj 

< c\\^~-\ii+ef^6^r]ima 
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= C\\F{2-'X)rj{X)\y,,. 

From condition (4.2), we have that \\ri{A)F{2~^ X)\\wi3.ci < oo. Therefore, we use our assumption (4.1) 
to obtain 

(4.16) \m62-.Fnf-'^){2' <L)\\r^r < C 

with C > independent of / and j. 

We estimate the term ||((1 - i/r)(J2-'^?7)^^~'^)(2' VI)||r^r. For A: e N and all A 0, we have by 
elementary calculation, 

il-i^iA))-^^(i62-.Fr]f-'^)(A))\ 

< C2(^'-')('=+i)|l - (^(i)| J |F(2-'m)77(m)|(1 + l^A - uiy'^'^du < C^^^ 

where we use the fact that Ul > 4 and \u\ <2. We then apply (a) of Lemma 4.5 to obtain 

||((1 - i/f)i62-^Fr]f-'^)(2' <L)\l^r < C. 
This estimate in combination with (4.16) shows that 

(4.17) ll(F77,)^^'^( VI)||,^, = m2-.Fr,ii-\T VI)||.-.. < C 

for some constant C > independent of i, j. 

Now we recall that if 1 < ^ < oo and /3 - l/q > 0, then 



W'"' cB'!.^c st'l c __ _ 

9' 2 



and ||F||a , , < C||F||vi//3.<7. See, e.g., [5, Chap. VI ] for more details. We obtain 

mini/?- i , 4 I 

(4.18) II'752-^IIa,..„^_,/,,,/„ < C\\r]52-<F\\^,. < C . 

This estimate and (4.17) prove condition (4.15) of Corollary 4.8. The proof of Theorem 4.4 is 
finished. □ 



5. Endpoint estimates for Bochner-Riesz means 

We have seen in Corollary 3.2 that Bochner-Riesz means are bounded on U provided the order 
5 satisfies 5 > max{n(l/p - l/s) - 1/^,0}. In this section we prove that our restriction type 
condition implies endpoint estimates for Bochner-Riesz means. Our approach is inspired by the 
results of Christ and Tao [14, 15, 63]. As in the rest of the paper we assume that (X, J,/i) is a 
metric measure space satisfying condition (2.2) with a homogeneous dimension n. 

For any given p 6 [1,2) and ^ 6 [1, oo] we define 



6q{p) = max jo, n 



1 1 



2 



1 



1 



For simplicity we will write 6(p) instead of 62{p). As in Sections 3 and 4 we discuss two type of 
results corresponding to estimates (ST'',) or (SC'^.i). 

p,z p,z 



Theorem 5.1. Assume that operator L satisfies property (FS) and condition {ST^^for some p, q 

satisj 
in R. 



satisfying \ < p <2 and \ < q < oo. Then the operator S^^^^\L) is of weak-type (p,p) uniformly 
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The next theorem is a variation of Theorem 5.1. As in Theorems 3.6 and 4.2, this variation can 
be used in the case of operators with nonempty pointwise spectrum. 

Theorem 5.2. Assume that fi(X) < oo. Assume that operator L satisfies property (FS) and condi- 
tion (SCp 2) /or some p, q satisfying I < p < 2 and I < q < 00. Then the operator S^'^^^L) is of 
weak-type (p, p) uniformly in R. 

The proofs of Theorem 5.1 and 5.2 require three technical lemmas which we discuss first. We 
commence with the following observation. 

Lemma 5.3. For each k <Q there exists a decomposition 

(5.1) s'f\A^) = mWnkW + s'f\A^)n,{A) 

such that 

(a) Functions n^ are even and their Fourier transforms are supported in [-2'^/R, 2'^/R], i.e., 
supp^ c [-2V^, 2Vi?]; 

(b) Functions rjk are continuous, even and ZL-od \^k{A)^ < C with C independent of A and R; 

(c) For certain arbitrarily large N £N there exists a constant C such that 

Mi)|<c(i + -^) . 

Proof. Following [63] we consider the function 0(/l) = 6/l"^(/l - sin /I). Note that 0(f) = 37r(l - 
\t\)\. Set ni,{X) = (^^'^(2''A(RN)'^). We use term (RN)'^ rather than R~^ to ensure that suppn^ c 
[-2Vi?, 2Vi?]. Next we write 



sfkA^) 



^ s'f\A')il - n,iA) )] 
nu{A) 



n,{A) + s'f\A^)nk{A) 



= r],{A)n,(A) + s'/''\A^)n,(A). 



Verifying conditions (a) and (c) is straightforward. By definition of ni,{A), there exists some con- 
stant C depending only on such that n,,(A) > C and \S^/''\a^)(,\ - nk(A))\ < C2* for all \A\ < R 
and k <0. This proves condition (b) because suppS^'^^^/l^) c □ 

The following lemma comes from [63]. 

Lemma 5.4. For each k > 0, there exists a decomposition S^j^''''\a^) = mk(A) + T]k(A)nt(A) such 
that: 

(a) Functions mt and nl are even and supported on [-2*^/i?, 2*^/i?]; 

(b) T]k are continuous and for all A> 0, Yj'k=\ l^/tC^)!^ ^ C with C independent of A and R; 

(c) For certain arbitrarily large N eN there exists a constant C such that 

\nk(A)\ < C2-^''^P^''(\ + 2M - ^l)"'^. 



Proof. For the proof, we refer to Lemma 2.1 in [63]. 



Next we discuss the proof of the last lemma required in the proofs of Theorems 5.1 and 5.2. 
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Lemma 5.5. Suppose that L is a self-adjoint operator on l}{X). Assume that [Qk}km is a family 
of continuous real-valued functions such that l2/t(^)P ^ Cfor some constant C independent of 
A. Then for any sequence of functions {fk}km on X, 



(5.2) 

k k 

Proof. Note that 



k k k 

X+oo 
1 



k i 

Under the assumption of Lemma 5.5 the above integral is a limit of its Riemannian approxima- 
tions, see page 310 of [68]. Therefore let us consider Riemannian partition of \a,p\ 

a = Ai < A2 < ... < An = jS, A, 6 {At, Am] 
for some -00 < a < /3 < 00. Now to finish the proof of Lemma 5.5 it is enough to observe that 

E Z Qk(K)Qj(^MErL(^^, ^M]fk, fj) 

e k j 

- Z Z Z \Qk(^'MQjUt)\^|{E^L(^,, ^uiUk, fk)^J{E^^(At, At,,]fj, fj) 

c k j 

= Z ( Z ^liE^d^^a^M^^) ) 

f k 

< Z ( Z IQ^^-^^)!') Z <^vi('^^' -^^-i]/^' 

€ k k 

<cJ]J](E^,(Ae, Ae,,]fk,fk) 

e k 

where we used the fact that 2i IQkWf' ^ C. 



~ ||2 
k\\2^ 

k ' 



Proof of Theorem 5.1. Assume that condition (ST'' ^) holds for some \ < p < 2 and \ < q < 00. 

Fix a / e L'' and a > fi{Xy^^P\\f\\p, and apply the Calderdn-Zygmund decomposition at height a 
to l/P'. There exist constants C and K so that 

(i) f = g + b = g + j:jbj; 

(ii) ll^llp < Cll/llp, llglU < Ca; 

(iii) bj is supported in Bj and #{7 : x e 4Bj} < K for all x e X; 

(iv) 1^7/ J;/ < CaP/uiBj), and 2,^5;) < Ca-PWfW;. 
Note that by (ii) < C|i/||^. 

Let rgj be the radius of Bj and denote by Jk = {j : 2''/R < rgj < 2*^+' /R]. Write 

/ = ^ + Z^^=^ + ZZ^^ + ZZ^^=^ + ^i+^2. 

;' k<0 jeJt k>0 jeJk 
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By a standard argument it is enough to show that there exists a constant C > independent of R 
and a such that for every a > iu(Xy^^P\ 



(5.3) 

and that for / =1,2, 
(5.4) 



H{{x : s'f\L){g)(x) > a]) < Ca-Wp 



fi({x : s'f \L){hi)(x) > a}) < Ca-P\\m. 



Note that sup^^>o (l - 1)^"*''^ = 1 and that by by (ii) a^"^||^|l2 < C||/||^. Hence by spectral theory 



fi{{x : s'f\L)(g)(x) > a}) < a-^\\s'f\L)(g)\\l < ff-^HgH^ 



(5.5) 



< Ca-"||/||^. 



Next we prove (5.4) for / = 1. By the spectral theorem and equality (5.1) 
J]J]s'f\L)bj = J],.(VI)(J]n.(VI)^.) 

k<0 jeJk k<Q jeJk 

k<0 jeJk 

Applying the spectral theorem and Lemma 5.5 with Qk(A) = rii,(A) yields 



k<0 jeJk k<Q jeJt 



k<Q jeJk 



Next suppn^ c {-T/R, T/R] so by Lemma 2.1, 
Hence if j e Ju, then suppn/;( ^)bj Q ABj. Thus by (iii) there exists constant C > such that 

2 II n,{ vz)Z7| + II Z ^^^t - ^ Z Z lh^( ^^^i 

k<0 jeJk k<0 jeJk k<0 j&Jk 

Next, by Proposition 2.3 and Remark 2.2, 

nk{^)bj = nk{<L)PBpj 



< \n,{^rL)Ps\^J\b,\l 

<- lh(VI)(/.2^^)l^l|(/.2^^)-% 



< c 



\\bj\ 



< Ci^{Bjy-T'aM{Bj)r 

< CaniBjfl^. 



Hence by (iv) 



(5.7) 



k<0 jeJk k<Q jeJk 



< ca-p\\f\\';,. 
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Now, we prove (5.4) for / = 2. Let Q* = UjeN^Bj. By (2.1) that 



lu(a*)<cJ]MiBj)<Ca- 



Hence it is enough to show that 



(5.8) \\s'f\L)i J] J] bj)g^^^^,^ < Ca'J]KBj) < Ca^-^'ll/ll^. 

k>0 jeJk 



Using the decomposition from Lemma 5.4 we write 

(5.9) s'f\L)( E ^^•) = Z Z "^^^ ^^^^ + Z "^'^ ^^"^^ Z ^j)- 

k>0 jeJk k>0 jeJk k>0 jeJk 

Recall that is even and supported in [-2''/R, 2''/R]. By Lemma 2.1 

2*^ 

supp i^^,(VL) c {(x,y) eXxX: d{x,y) < —}. 

This implies that if .x: 6 X\Q*, then mt( yfL)bj(x) = for any j e and > so it makes 
contribution to (5.8). By (5.9) and Lemma 5.5 



l|sr(o(EE*^)E'-(™., ^ iiE..(Viwvi)(j]z,, 

k>0 jeJk k>0 jeJk 

(5.10) < cJ]\\n,(^fL)(J]bJ)\\l. 

k>0 jeJk 

Next is even and supported on [-2'^/R, 2*^/7?] so by Lemma 2.1 

suppis:„^(yj) c {(^,3;) eXxX: d{x,y) < 2^IR\. 

Hence suppnyt( Q ^Bj for j e J^. By (iii) there exists a constant C > such that 

(5-11) ZIM^^^Z^^^lE ^ ^ZZIM^^^^I 



i2 

*:>() jeJii k>0 jeJk 



To continue, fix 1/^ 6 C^, even and supported in [-2, 2] such that il/{A) = 1 for \A\ < 3/2. Write 

(5.12) nu{ VI) = n,( VL)i^(-^) + n,( VI)(l - -AI^))- 

Then supp(l - ifj{AIR)) c (-00, -3i?/2] U [3i?/2, 00) so for every > and 5^(p) > 0, 

_,(^))| , c|l-^(i)|2-.«(l.2'|l-B|)-" 

and we use a similar argument as in the proof of (5.4) for / = 1 to conclude that 

(5.13) ||;,,(VI)(/-^(^))^|^ < Ca^i{Bj)'^\ 
On the other hand, suppni(/l)(/r(i/i?) c [-2R, 2R\ so by (STj 2) 

||n,(VZ)^(^)Z74 = ||n,(VL)<A(^)/'B,^- 
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< \\n,iVL)^(^)Ps,\ljbj\\, 



Now 



< Caiu(Bj)^2 



R 



2R 

{n,(A)i^{A/R))\\ 



< C2-^^''P^''( r (1 +2^11 -2i|r''^Ji) 

^-^ 



< C2~^"^P^''2~~i = C2 



This yields 
(5.14) 

By (5. 13) and (5.14) 



n,(VL)iA(^)^4 < Can(Bj) 



1/2 



\\nk(VL)bj\\^<Caiu(Bjy'\ 
The rest of the proof of (5.4) for / = 2 is similar to the case z = 1. 



□ 



Proof of Theorem 5.2. Assume that condition (SCp j) holds for some 1 < ;? < 2 and 1 < ^ < oo. 
The proof of Theorem 5.2 is almost identical to that of Theorem 5.1 except some minor technical 
complications so we only give a brief sketch of it. 

We apply the Calderon-Zygmund decomposition at height a to \ f\'^ to get the same decomposi- 
tion 

f=s+J]J]bj+Y,Yjbj=g+hi+h2 

as in Theorem 5.1. The proof of week type estimates for g and hi uses the simple observation that 
(SCJ2) ^ (SC^2) « (ST^2) ^ (Ep,2) (see Remark 3.11 and Proposition 2.3) and is essentially 
the same as the corresponding argument in the proof of Theorem 5.1. 
It remains to show that 



(5.15) 



H{[x : s'f\L){h2){x) > a\) < Ca-^H/H^. 



To show (5.15) we note that if yu(X) is finite, then we may assume X = B{xq, 1) for some Xq 6 X. 
Thus the radius of each Bj in the Calderon-Zygmund decomposition satisfies 2'^ IR < 4. If i? < 4, 
then k <A. Hence one can use the same argument as in the proof of Theorem 5.1 for z = 1. 

Next we consider the remaining case R> A. Using the decomposition described in Lemma 5.4 
it is not difficult to note that to finish the proof it is enough to show that 



(5.16) 



(5.17) 



n,(VL)(/-^(^))Z7,||^ < Caiu(Bjy'\ 
m(VZ)<A(^)&4 - ^^^'"(^i)'^'' 



where n^- is defined in Lemma 5.4 and if/ is a function in (5.12). The proof of (5.16) is similar to 
that of (5.13). 
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To prove (5.17) set = [2R] + 1. By condition (SCj;J) 
Next (assuming that sup = 1) 

N 



\p- 



/ie[f-l/) 

, -ra-2 , -[fi]+3 

< (- y sup \n,(Ar) ' + (tt y sup |n,(i)|^) 

1 ° 1/1 '^^"^ 1 

+ (- y sup \nk{Ar)' + (-y sup M^r) 

1 1/ 1 ^ 

+ (- y sup in,(^)r) ' + (tt y sup 



= I + n + in + N + v + VI. 

Let M be a sufficiently large natural number. By Lemma 5.4 



1 1/ 



[fi]+2 



and 



< C2""*^^i"5\ 



A similar argument as in V shows that R <C2 '^''^'^^p i/^). jj^g similar argument as in VI shows that 
each of/, M and TV is less than c2-"''^^'p-^'^\ Thus 

\\6^{n,(AmA/R))\l^ < C2-<-'^\ 

This finishes the proof of Theorem 5.2. □ 
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Part 2. Dispersive and restriction estimates 

6. Dispersive and Strichartz estimates 

Let (X, d, jj) be a metric measure space. Next let L be a non-negative self-adjoint operator acting 
on l}{X). In virtue of the spectral theory, we can define the semigroup exp(-zL) for all z 6 C with 
Re z > and such that 

||exp(-zL)||2^2<l. 

We say that the operator L satisfies a dispersive type estimates if there exist constants n and C such 
that 

(6.1) ||expO-5L)||i^eo < C|5^"^^ V^6R\{0}. 

Of course, the standard Laplacian on R" satisfies the dispersive estimate. Such estimates are 
of importance in analysis and PDE. In particular, they imply endpoint Strichartz estimates (see 
Keel and Tao [37]). We refer to Strichartz endpoint estimates for the corresponding Schrodinger 
equation as 

(6.2) r y*'^f\\\dt<C\\f\\l, feL\ 

Jr "-2 

This endpoint estimate together with the obvious fact 

||exp(/?L)/||i»^2< 11/11^2 

give LfLl Strichartz estimates. See [37] for more details. Our aim will be to explain how sharp 
spectral multipliers follow from dispersive or Strichartz estimates. 

It is natural to consider the dispersive estimate (6. 1) in conjunction with the smoothing condition 

(6.3) II exp(-?L)||i^^ < Kt-"'\ V ? > 0. 

Note that if the self-adjoint contractive semigroup exp(-?L) on L?-(X) is in addition uniformly 
bounded on L"'(X), which includes the case of a sub-Markovian semigroup, then 

II exp{-it + is)L)\\i^o. < II exp(-/'L/2)|U^eoll exp(-/^L)||i_eo < C \s\-"'^. 

Together with (6.3) this yields 

II exp(-(? + /^)L)||i^oo < Cmin{r"/^ \s\-"'^} < C'\t + isl""'^ 

for all 0, 5 6 R. Hence 

(6.4) ||exp(-zL)||i^e.<C|zr"/2 

for all Rez > 0. Of course this estimate implies (6.1) and (6.3) and the argument above shows that 
if semigroup exp(-?L) is uniformly bounded on L"'(X) then it is equivalent to conjunction (6.1) 
and (6.3). It turns out however that this equivalence holds without the boundedness assumption 
on L°°(X). This fact will be used in the next subsection in which we will not assume uniform 
boundedness of semigroup exp(-?L) on L°°{X). 

Lemma 6.1. Suppose that L is a non-negative self-adjoint operator on L^{X). Then the dispersive 
estimate (6.1) is equivalent to (6.4). 

Proof. All what we need is to prove that (6.1) is enough to get (6.4) on the positive half -plane. 
Fix f,g e L^{X) n Lr'iX) and consider the function 

H{z)=z'"H^M-zL)f,g). 
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The analyticity of the semigroup on L} implies analyticity of H on the open right half -plane and 
continuous on the boundary. Now for z = is with 5 6 1., the dispersive estimate (6.1) gives 



I^O-*)l<c||^lliiijiii. 

For all z with Re z > 0, we have 

mz)\<\zT'^\\gU\j\\2. 

Therefore, we can apply the Phragmen-Lindelof theorem and conclude that 
(6.5) \H{,z)\ < CWgMfWi 

for all z with Re z > 0. From this and the density of L^{X) n I?{X) in L^{X) we obtain the lemma. 
□ 

7. From dispersive and Strichartz estimates to sharp multipliers 

We continue with the assumption that {X, d,iJ.) is a metric measure space. In this section, let us 
start with the following proposition. 

Proposition 7.1. Let Lbe a non-negative self-adjoint operator on l}. Assume that L satisfies the 
dispersive estimate (6.1). Then for all ^ ^ P < ^ and all A>Q 

(7.1) \\dE^^{A)\\p^,,<CA'"-''-y'-\ 
where p' is again the conjugate exponent of p. 

Proof. We first prove that L satisfies 

(7.2) ||F(VI)||p^p, <Ci?"(^7^||(5«F||i 

for all bounded F e L} with suppF c [0,i?] and all p with I < p < This estimate is very 
similar to (STpp,) studied in Part 1. Note that we do not consider here X to be a doubling space 
(even a metric d is not needed). 

Consider the case where R = I and fix F with support contained in [0, 1]. Set G{A) = F{ ^[A)e^. 
By the inverse Fourier transform, we have (up to a constant) 

G{A) = r G{^)e'^'d^. 
Jr 

This gives 

(7.3) F( Vl) = r G(a exp(-(l - i^Qd^. 

Jr 

This equality follows immediately from Fubini's theorem if G 6 One may start by prov- 
ing (7.3) for smooth functions F„ and then use standard approximation arguments to obtain the 
equality for all F as above. 

Now the dispersive estimate together with Lemma 6.1 imply that for any p 6 [1,2] 

||F( ^^L)\\p^p, < ^ |G(^)||| exp(-(l - iOL%^p,d^ 

< c f \G(o\a+^Y^''~^^d^ 

Jr 

(7.4) < CIIGIU r (1 +^')"^^^"^^^^. 
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Now we note that 



and 



IIGIleo < IIGIIi < CIIFIIi 



/( 

Jr 



(1 +fy'^^T' V>d^ < oo 



for /) < This shows (7.2) when R = \. Now, for general R > and F with support in [0,R] 
we reproduce the previous arguments with the function 6rF and the operator L' = ^. This leads 
to (7.2). Now we argue as in the proof of Proposition 2.4. Fix A> and e > small. We use (7.2) 
to obtain 



s ^E^(A - s,A + s] 



= S ' l(A-s,A+s]i^)\\ 
p^p' Wp^p' 

< c(A + s)"^p~y^~\ 



Letting e ^ we obtain 



dE^^iA) 



p^p' 



< CA"^T-? 



which implies the estimate of the proposition. □ 

Corollary 7.2. Suppose that (X, d,p.) satisfies the doubling property (2.2) and there exists a pos- 
itive constant C > such that V(x, r) < Cr" for every x e X and r > 0. Assume that L satisfies 
the finite speed propagation property (FS) and the dispersive estimate (6.1). Fix ;? 6 [1, ^] and 

. |G(^)|(1 + ^'IR'y-^'-r7>d^ < oo. 
Then the operator G{L) is well defined as an operator acting from LP to LP' and 



\\G{L)\\p^p,<C r mm+eiRT^''~^'d^. 
Jr 

Proof. Corollary 7.2 follows from estimates (7.4). □ 

Proposition 7.1 does not yield the optimal results for the standard Laplace operator. However 
in the abstract setting we can include the endpoint P = ^ when n > 2 in the following way. We 
start with the Strichartz estimate (6.2) and repeat the previous proof to get 



l|i^(VI)||2 



2,, < 



/ 

Jr 



|G(^)|||exp(-(l-/^)L)||2^^J^ 



n-2 

1/2 



< IIGII2 ||exp(/^L)||^^^J^| 

\Jr "-2 

< CIIFII2 

for all F with support in [0, 1]. For F supported in [0,R] we apply the previous estimate with 6rF 
and L' = ^ to get 

\\F{^^L)\\^_,2^ < CR\\6RFh. 

n-2 

Therefore, 

(7.5) \\F(Vl)\\2.^2^<CR^\\6rF\\1. 



Similar arguments as above give (7.1) for p = ^ 
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We can now extend this easily to ;? < ^ if the smoothing property (6.3) is satisfied. More 
precisely, fix p < ^ and assume that 

(7.6) II expi-tL)\\ 2„ < Kn^i-'-"-^\ V ? > 0. 

We introduce as before Gr(A) = (6rF)( V^)e'' for F supported in [0,R]. Then for q = p' we have 
||F(VZ)/||, = ||^G;(^)exp(-(-l-/-^)L)/J^||, 

< ||exp(-^)|K^^ r |G;(^)|||exp(-(/^)L)/|UJ^ 

1 /2 

< Ci?"(^-i)-^||G«||2( r ||exp(-(/-|)Wlll^^' 



i?2 



< CR"^^-hSRF\y^^^\\f\k2^x), 



where we used the Strichartz estimate (6.2) to obtain the last inequality. As in the last proposition, 
this gives the Stein-Tomas restriction (7.1) for all p e [1, We have proved 

Proposition 7.3. Let L be a non-negative self-adjoint operator on l}. Assume that L satisfies 
the Strichartz estimate (6.2) for some n > 2. Fix p such that \ < p < ^ and assume that the 
smoothing property (7.6) is satisfied. Then for all A>0 

(7.7) \\dE^^(A)\\„^,, < CA"^'-y^-\ 

where p' is again the conjugate exponent of p. 

We mentioned above that the dispersive estimate implies the Strichartz estimate ([37]). For 
this reason we formulate the results below for the case where L satisfies the endpoint Strichartz 
estimate. 

Theorem 7.4. Suppose that (X, d, fj.) satisfies the doubling property (2.2) and there exists a positive 
constant C > such that V{x, r) < Cr" for every x e X and r > 0. Assume that L satisfies the 
finite speed propagation property (FS) and the Strichartz estimate (6.2) with the same n as in the 
doubling property. Assume also that n > 2. Fix p 6 [1 , ^] and assume that (7.6) holds. For every 
compactly supported bounded function F such that 

\\F\\wP,2 < oo 

for some /3 > n(^ — ^), the operator F(t y/T) is bounded on for all t > and 

sup\\Fit^^L%^p<C\\F\y,.2. 

t>0 

Proof. If F is supported in [0,R] then by Proposition 7.3, we have 

\\F{yfL%^p, = II FiA)dE^{A)\\, 
Jo 

< C \F(A)\A''^-^-y''~^dA 



< CR<-H5RFh. 



Hence by the T*T argument 

\\F{-Il)\L^2<CR<'HSrF\\2. 
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Combining this with our assumption on the volume yields (STpj)- We then apply Theorem 3.1 
and obtain the result for p e [I, ■^]. □ 

We have seen that the assumptions of the previous theorem imply (STp 2), we can then apply 
Theorem 5.1 to obtain endpoint estimate for Bochner-Riesz means. In addition, by applying 
Theorem 4.1 we obtain under the assumptions of the previous theorem the following result. 

Theorem 7.5. Fix p & [I, ■^]- For any even bounded Borel function F such that sup^^,, ||?7(5fF||vi/A2 
< 00 for some (5 > max{n(l/;? - 1/2), 1/2} and some non-trivial function rj 6 C^(0, 00), the 
operator F( VL) is bounded on U{X)for all r e ip,p'). In addition, 

||F(VI)|U. <C^( sup 11/7 \F(0)\). 

t>0 



Remark 7.6. In the general setting of doubling spaces, we can replace the dispersive estimate 
(6.1) by 



1 1 / r \ p y 



p 



(7.8) \\PB(x,r)e^p(isL)PB(,J\p-^p' <CV(x,r)7 

y\s\) 

Here the constant n is the same as in the doubling condition. The arguments in the proof of (7.2) 
show that for p < 

\\PBi.,r)W\^PB(.A\p^P' ^ CV{x,ry-kRrf^~H5RF\\l 

for all F supported in [0, K\. The T*T argument gives (STp 2) for all p < Therefore we obtain 
the same conclusion as in Theorems 7.4 and 7.5 for L satisfying property (FS) and (7.8) on any 
doubling space. 

Note also that under these two assumptions, we obtain from Theorem 5.1 endpoint estimates for 
the Bochner-Riesz mean S^^''\L) on (p 6 [1, ■^))for 6{p) = max {O^"!^ - ~ 

In the following proposition we consider local dispersive estimate. 

Proposition 7.7. Let Lbe a non-negative self-adjoint operator on L^. Assume that L satisfies the 
local dispersive estimate 

II exp(/YL)||i^eo <Cr"/2 

for allQ <\t\< 2. Assume also that 

||exp(-?L)|U^eo < C and ||exp(-rL)i|i^^ < Ct'"'^ 
for all t > Q. Then for o-H ^ ^ P < ^ <^nd all k > 

(7.9) \\Edk,k+ DWp^p, < C(l +fc)5(i-7)-\ 
where p' is again the conjugate exponent of p. 

Proof. Set Gli^) = 3;r(l - I^D^e-'*^^ so that GtiA) = 6{A - kT^ - 62ig^. Note that there exists a 
positive constant c such that Gk{A)e~'^l^^^'' > Qf[/t,/t+i)(/l) for all Ae [fc, + 1). So 

c^\\Edk,k+\)f\\l<\\Gme'~'^'^^'^f\\l 
It follows from the above inequality and the T*T argument that 

c^\\Edk,k+ DWp^p, < [WGuW^e-'^IX^p^. 
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Next (6.4) holds for |Imz| < 2. Hence 



\\\Gu\\L)e''^^'\\ 




\Gu*GM^^^{-{llk-iOL)\\p^p'd^ 



< 



J-2 



< 



< 



C(\+k) 



This proves estimate (7.9). 



□ 



Parts. Applications 



8. Standard Laplace operator and compact manifolds 



As mentioned in the introduction, the restriction estimates (Rp) for standard Laplace operator on 
1." are valid for I < p < 2(n + l)/(n + 3). As a consequence of Theorem 5.1, we obtain alternative 
proof of Theorem 1.1 of [63] by Tao, Theorem 1 [15] and main result of [14] described by M. 
Christ. These results can be stated in the following way: 

Proposition 8.1. For all n > 1 and I < p < 2{n + l)/(n + 3), the operator (/ - A)*^^^^ is of 
weak-type ip,p). 

Proof. This result is straightforward from Proposition 2.4 and Theorem 5.1. □ 

Similarly, using Theorem 5.2 one can obtain alternative proof of Theorem 1.2 of [63]. Our 
proof shows that this result holds for all operators on compact manifolds which satisfy property 
(FS) and condition (Sp) as in the following proposition. 

Proposition 8.2. Suppose the operator L satisfies (FS) and condition (Sp) for some I < p < 
2{n + l)/{n + 3). Then the operator (I - L/R^fl^^ is of weak-type (p, p) uniformly in R. 

Proof. This result is straightforward from Proposition 3.10 and Theorem 5.2. □ 

In both cases of compact manifolds with or without boundaries, examples which satisfy condi- 
tion (Sp) are described in [56, 58] by CD. Sogge. 

We mentioned here endpoint Bochner-Riesz summability results. From Theorems 4.1 and 4.2 
we have more general spectral multiplier results for the operators considered in the previous propo- 
sitions. 



Scattering manifolds or asymptotically conic manifolds are defined as the interior of a compact 
manifold with boundary M, and the metric g is smooth on M° and has the form 

dx^ h{x) 

in a collar neighbourhood near dM, where jc is a smooth boundary defining function for M and 
h{x) a smooth one-parameter family of metrics on dM\ the function r := l/x near x = can be 



9. Asymptotically conic manifolds 
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thought of as a radial coordinate near infinity and the metric there is asymptotic to the exact metric 
cone ((0, oo), X dM, dr^ + r'^h{0)). 

In this subsection we consider the following classical operators: 

• Schrodinger operators, i.e. -A + V on R", where V smooth and decaying sufficiently at 
infinity; 

• The Laplacian with respect to metric perturbations of the flat metric on R.", again decaying 
sufficiently at infinity; 

• The Laplacian on asymptotically conic manifolds. 

Proposition 9.1. Let (M, g) be an asymptotically conic manifold of dimension n > 3, and let x be 

a smooth boundary defining function of dM. Let L : = -A + V be a Schrodinger operator with 
V e x^C°°{M) and assume that L has no I? -eigenvalues and that is not a resonance. Then 

(i) For any /Iq > there exists a constant C > such that the spectral measure dE{X)for VI 
satisfies 

(9.1) \\dE^^mmM)^Lp'iM) < CA^'^'r-y^-' 

fori <p < 2{n + l)/(n + 3)andO <A< Ao. 

(ii) If(M,g) is nontrapping, then there exists C > such that (9.1) holds for all A> 0. 

Proposition 9.1 was proved in [28, Theorem 1.2]. This proposition has useful consequence to 
establish the convergence of the Riesz means up to the critical exponent 6{p) = maxjO, n|l//> - 
1/2| - 1/2) for aU 1 < ;? < 2{n + \)/(n + 3). 

Corollary 9.2. Let (M, g) be nontrapping and the operator L satisfies all assumptions of Proposi- 
tion 9.L Letl < p< l{n + l)/(n + 3). Then 

(i) S^j^''\L) is of weak-type (p, p) uniformly in R. 

(ii) For any even bounded Borel function F : [0, oo) ^ C such that sup,j,Q \\T]5tF\\yfp.2 < oo 
for some fi > max{n(\/p - 1/2), 1/2} and some non-trivial function rj e C^(0, oo), the 
operator F( ^^L) is bounded on U{X)for all p < r < p' with 

||F(VZ)IU.<cisup||775,F|| + |r (U)| 1. 

Proof. This result is a straightforward application of Propositions 9.1, 2.4 and Theorems 5.1, 4.1. 
□ 



10. Schrodinger operators with rough potentials 

This section is devoted to Shrodinger operators -A + V for which we prove new spectral multi- 
plier results. 

10.1. Schrodinger operators with inverse-square potential. We start with inverse square poten- 
tials, that is V{x) = Fix n > 2 and assume that -{n - 2)^/4 < c. Define by quadratic form 
method L = -A -I- V on L^(R", dx). The classical Hardy inequality 

(10.1) -A>^Jl^\^\-2^ 

shows that for all c > -{n - 2)^/4, the self-adjoint operator L is non-negative. Set p* = n/o-, 
a = max{(n - 2)/2 - ■\J(n - 2)^/4 -I- c, 0}. If c > then the semigroup exp(-fL) is pointwise 
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bounded by the Gaussian semigroup and hence act on all LF spaces with 1 <;?<oo. Ifc<0, 
then exp(-?L) acts as a uniformly bounded semigroup on L^(R") for p 6 ((/?*)', /?*) and the range 
{{p*.y,p*c) is optimal (see for example [41]). 

It is proved in [10] that the solution u(t) = e~"^f of the corresponding Schrodinger equation 

idtU + Lu = 0, u{0) = f 

satisfies Strichatrz estimate (6.2). The smoothing property (7.6) is proved in [4]. Therefore, we 
obtain from Proposition 7.3 that L satisfies restriction estimate (Rp) for all p G ((/>*)', ■^]. If 
c > 0, then p = (p*)' = 1 is included. From this and Theorems 5.1 and 7.4 we obtain 

Theorem 10.1. Suppose that n > 2 and -{n - 2)^/4 < c and that p e ((/>*)', 2n/(n + 2)] where 
p* = n/cr and a = max{(n - 2)/2 - ^/(n - 2)^/4 + c, 0} and (/>*)' its dual exponent. Then 

(i) S^^'^\L) is of weak-type (p,p) uniformly in R. 

(ii) For any even bounded Borel function F : [0, oo) ^ C such that sup,>o ll'y^r-P'llw'A^ < 
for some yS > max{n(l/p - 1/2), 1/2} and some non-trivial function rj e C^(0, oo), the 
operator F( y/L) is bounded on U{X)for all p < r < p' with 



||F( Vl)||,_, < cisup||775,F||^,.2 + |F(0)|). 

t>0 



10.2. Scattering operators. Assume now that n = 3 and V is a real-valued measurable function 
such that 

(10.2) — ■ — dxdy < {4n) and sup -dy < An. 

Jk6 \x - y\^ _^gB,3 Jr3 \x - y\ 

The following proposition is a consequence of Proposition 7.1 and the main result in Rodnianski 
and Schlag [49] which gives the dispersive estimate for exp(zY(-A + V)) on R^. 

Proposition 10.2. Suppose that L = -A + V onR^ with a real-valued V which satisfies (10.2). 
Then L satisfies (Rp) /or all I < p < 6/5. 

In the special case p = I, Proposition 10.2 was obtain in [23, Theorem 7.15] for compactly 
supported function V > which satisfies (10.2). The following result is a consequence of Theo- 
rem 5.1, 4.1 and Proposition 10.2. 

Corollary 10.3. Suppose that L = -A + V on R^ and that V satisfies assumption of Proposi- 
tion 10.2. Assume also that 1 < p < 6/5. Then 

(i) S^j^''\L) is of weak-type (p, p) uniformly in R. 

(ii) For any even bounded Borel function F : [0, oo) ^ C such that sup,>Q ||?75,F||iy/j.2 < oo 
for some J3 > max{3(l/p - 1/2), 1/2} and some non-trivial function t] e C^(0, oo), the 
operator F( VT) is bounded on U{X)for all p < r < p' . 

If n > 3 and potential V e W'^iR") for some s > ^ - I and has fast decay, Bourgain [8] proved 
the dispersive estimate for exp(zY(-A + V)) . Our results apply for L = -A + V and allow to obtain 
sharp spectral multiplier results. We also refer to Rodnianski and Schlag [49] for more references 
on dispersive estimates for Schrodinger operators. 

We also mention that Strichartz estimates are proved for a class of elliptic operators with vari- 
able coefficients by J. Marzuola, J. Metcalfe and D. Tataru [43] (see Theorem 1.20). Therefore, 
the same reasoning as for the Theorem 10.1 allows us to obtain sharp spectral multipliers and 
endpoint Bochner-Riesz summability for these elliptic operators. 
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10.3. The harmonic oscillator. In this section we focus on Schrodinger operators such as the 
harmonic oscillator -A + \x\^ on L^(R") for « > 2. As in [39] we can also consider Schrodinger 
operators L = -A + V with a positive potential V which satisfies the following condition 

(10.3) V-\x\\ \VV\-\x\, \dlV\<l. 

We apply Theorems 3.6 and 4.2 and the results from [39] to prove sharp results on Bochner-Riesz 
summability and singular spectral multipliers for L. Bochner-Riesz summability results for the 
harmonic oscillator were obtained first by Kardzhov [36]. Here we describe an alternative proof. 
The corresponding singular integral multiplier is a new result. The following theorem is the main 
goal of this section. 

Theorem 10.4. Assume that potential V satisfies condition (10.3) and set L = -A + V. Let 
I < p <2n/(n + 2). Then 

(i) For any even function F such that suppF c [-1,1] and ||F||vi/a2 < for some /3 > 
max{n(l/ p — 1 /2), 1 /2}, the operator F(t VL) is bounded on LF{X)for all t > and 

sup\\F(tVL)\\p^„<C\\F\\^,.2. 

(ii) For any even bounded Borel function F : [0, oo) ^ C such that sup^^g ll^^'-^llw^^ < 
for some /3 > max{n(l/p — 1/2), 1/2} and some non-trivial function t] e C^(0, oo), the 
operator F( y/L) is bounded on U{X)for all p < r < p' . In addition, 



Vl)||,^, < Cp(mnr)6Mw^2 + |F(0)|). 



Proof. It follows from Theorem 4 in [39] that for all ^ > and all 1 < p < lnl{n + 2) 

(10.4) \\EdA\A^ + 1%^2 < C(l + A)'<~'^^-\ 

Take a function F with support in [-A^, A'^]. We have as in the proof of Proposition 3.10 

\ I 



£-\ i 



< y sup iF(i)pii£^[ 



e=l 'iel — ,]v) 



(10.5) = y sup \F{Af\\Edi—)\{-)%^2- 



t2 



Now we observe that for all if = 1 , 2, • • • ,N- 
This, in combination with (10.4) and (10.5), shows that for I < p < 2n/(n + 2) 



mVL)\\l^, < V sup IF(i)P(2 + i-A) 
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This proves (SCpj) for k = 2 and p such that I < p < 2n/(n + 2). It remains to show (ABp) and 
then apply Theorems 3.6 and 4.2. Now condition (ABp) follows from the following lemma. □ 

Lemma 10.5. Let L = -A + V, where V 6 Lj^^(R") and V > 0. Suppose that for some k > and 
any e > 



(10.6) I il + V(x)r'~''>^'~'dx<oc. 

Then condition (SCp j) implies (ABp). 

The proof of Lemma 10.5 is a straightforward modification of the proof of Lemma 7.9 of [23] 
so we skip it here. □ 



11. Operators A„ + ^ acting on L ((0, oo), r" dr) 

In this section we consider a class of Schrodinger operators on L^((0, oo), r"'^dr). These opera- 
tors generate semigroups but do not have the classical Gaussian upper bound for the heat kernel. 

Fix n > 2 and c > -{n - 2)^/4 and consider the space L^((0, oo), f^'^dr). For f,ge C^(0, oo) 
we define the quadratic form 

f'{r)g\rV~'dr+ Lf(r)g(ry~'dr. 
Jo f 

Using the Friedrichs extension one can define the operator L„ c = A„ + c/r^ as the unique self- 
adjoint operator corresponding to Q''n^'^\ acting on L^((0, oo), f^'^dr). In the sequel we will write 
L instead of L,,^^ , which is formally given by the following formula 

c d^ n — I d c 

Lf = (A„ + -)/ = -— / -/ + -/. 

dr^ r dr 

The classical Hardy inequality (10.1) shows that for all c > -(n - 2)^/4, the self-adjoint operator 
L is non-negative. Such operators can be seen as radial Schrodinger operators with inverse-square 
potentials. It follows by Theorem 3.3 of [19] that L satisfies Davies-Gaff"ney estimate, which in 
turns implies property (FS). 

Now for -(n - 2)^/4 < c < 0, we set p* = njcr where a = {n - 2)/2 - ^J{n - 2)^/4 -i- c and 
(p*)' its dual exponent. Note that 2 < ^ < p*. Liskevich, Sobol and Vogt [41] proved that for all 
t>Oa.n&aX\pe{{piy,pl), 

We'H < C 

They also proved that range ((p*)',p*.) is optimal and that for all p i {{pD'^pl), the semigroup 
does not even act on LP({0, oo), r"~^dr) (see also [22, 19, 29]). 

Proposition 11.1. Suppose that n > 2 and -{n - 2)^/4 < c. For c < 0, set p e ((/>*)', ^) where 

PI = n/cr and cr = (n - 2)/2 - ^j{n - 2)^/4 -I- c and (p*)' its conjugate exponent. For c > 0, set 
p 6 [1, ^). Then for any R > and all Borel functions F such that suppF c [0,i?], 

(11.2) ||F( VZ)Pb(,„,,)||^^2 < CV(xB,rBy~HRrBf''^Ml 
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for all Xb 6 R.+ and > 1 JR. 

Proof. In [29] the explicit formula for the resolvent of the operator L = A„ + ^ is described. 
Based on this formula we calculate explicitly the spectral projections dE^{A) (This calculation 
was shown to us by Andrew Hassell). Define the number n' = n'(n, c) to be the maximum positive 
root of the equation (n' /2 - 1)^ = {n/2 - 1)^ + c so that p* = 2n/(n - n'). Hence, p* = njcr where 
cr = {n-2)/2- ^j{n - 2)^/4 + c. Next let and/^, are modified Bessel function, see [1, §9.6.1 p. 
374] or [66, §1.14 p. 16]. Set i{x) = x'^'^^Hn' n-iix) and kix) = x-^'^^^K^'ii-iix). Then by (4.2) 
and Section 6. 1 of [29] the resolvent kernel for L = A„ + ^ is given by 

(11.3) R(A)(x,y) = K,,,,.,Ax,y) = \ . ^ 

y vA" ^i{Ay)k{Ax) if x > y 

for some constant v. Next recall that x~"Ia is an even analytic function and that 

n La(x) - Ia(x) 
Kaix) = - — , 

2 sin(a;r) 

see [1, §9.6.1 p. 374]. Hence by the limiting absorption principle (that is Stone's Theorem) for all 

X <y 

KjE^AA)(x,y) = -iRii^)ix,y) - Ri-iA)ix,y)) 

- V—X y In' 2~l{l^X) . — 77—; 

-V—X ' y ' I„'/2-\(-iAx) ■ . 

7T ^ ' ^ sin((n72 - l);r) 

Recall next that x~"Ia is an even analytic function so 

In'/2-lii^x)Ii^n'/2ii'^y) = In' /2-li-i^x)Ii.n' /2i-i^y) 



and 
Thus 



I„' /2-i(-iAx)In' /2-i(-iAy) = e'"^"' ^'^In'/2-i{iAx)In>/2-i(.iAy) 

M ,A-nni-n/2fin(n'-2) ^ ^In' /2-l(iAx)In' /2-liiAy) 



dt^,(A)\ ,y) ^ y y ) sin((n72 - l);r) 

(1 1.4) = —(^^'-'l^-'^Ax'--iy--l\,a-xiiAx)ln',2^my). 

n 

We prove equality (11.4) under assumption that x<y but similar argument shows that (11.4) holds 
forallxandy. Now if we set t{x) = x~"'^*Hn' i2-\(ix)\!i\Qn\i^ (\\A) 

ii.miy)y''''dy 



for some constant C. The function I = in,c{A) for n> 2 satisfies the following estimates ([1, 66]): 



m)\ < 

By (11.5) 



A^ if A<\ 
A^ if 1 < A. 



Jr*oo 
F{AmxWy)r-'dA. 
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Let us prove our estimate (1 1.2). We consider only the case -{n - 2)^/4 < c < 0. The proof is 
similar for the case c > 0. For every B = B(xb, r^), one writes 



( F(Amxmy)r-'dA)xL 



<y)f(y)y"''dy 



Hence 



( F(Amxmy)A"-'dA)x 



B(y)f(y)f-'dy 

2 



'x"-^dx 



£(Ax)r-' FiAmy)xBiy)fiy)y"-'dydA 
Jo Jo 

Note that the following Plancherel type equality is satisfied 



x"-^dx. 



Jo Jo 



F(A)£(Ax)r'^dA 







\F(A)\^A"-^dA, 



which yields 



A"~'dA 



\FiAf\ e(Ay)xB(y)f(y)y"-'dy 

' Jo 

Jf~*0O 
\FiA)fmAy)xB(y)\\lM\\lr-'dA. 


Case 1: B = B{xb, tb) and Xb < 2rB. Hence 

\€{Ayff-'dy 

Jr*oo 
\myfy"-'dy 


\t(y)fy"~^dy 



< CA^" 

for all 2n/{n - I) < p' < pi = 2n/{n - n') (For c > this condition should be replaced by 
2n/(n - 1) < p'). Thus 

\F{Afr-'-ydA\\f\\l 



< CR^-ywdRFWlml 

When Xb < Ivb, we have that V{B) ^ and ViBfl^-^'PrfP'^'^^ ^ 1. This gives 
\\F{<L)xBf\\\ < Cy(5)2^^-^V^"''"^V-7||5«F||2||/||2 

This proves Case I. 

Case II: B = B{xb, tb) and xb > 2rB. Then 

\my)\'y"-'dy 
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< C iAy)^y"-'dy 

JxB-rB 

< CAP 2 reXj^ 

Hence 







2 2(«-l) 



-n+1 . 



Note that if > 2rB then V{B) « x"-Vb. Thus 



2 2<"- 



211^ lip 

according to the condition i^r^ > 1 and p' > 2n/(n - 1). This proves Case II, and then the proof 
of Proposition 11.1 is complete. □ 

Corollary 11.2. Suppose that n > 2 and -{n - 2f/4 < c. For c < 0, set p e ((p*)', ^) where 

pI = n/cr and cr = (n - 2)/2 - ^/(n - 2)^/4 + c and (/>*)' its conjugate exponent. For c > 0, set 
pe[l,^^).Then 

(i) Sf''\L) is of weak-type (p, p) uniformly in R. 

(ii) For any bounded Borel function F : [0, oo) ^ C such that sup^^Q \\t] 6tF\\w/i,2 < oo for some 
/3 > max{n(\/p - 1/2), 1/2} and some non-trivial function rj 6 C^(0, oo), the operator 
F{ y/L) is bounded on L''{X) for all p < r < p' with 

||F( VI)||,^, < cisup||77^,F||^,.2 + |F(0)|). 

Proof. This result is straightforward from Proposition 11.1 and Theorems 5.1,4.1. □ 

Remark 11.3. Note that for the standard Laplacian A on W Stein-Tomas estimate (Rp) holds if 
and only if \ < p < 2{n + l)/(n + 3). Surprisingly, if n > 2 and -{n - 2)^/4 < c < 0, then the 
restriction estimate (STp 2)fo^ ^^e operator A„ + ^ holds only for all p 6 ((/>*)', 2n/(n +1)) where 

pI = n/cr and cr = {n - 2)/2 - - 2)^/4 + c. 

12. Examples of (1 , 2)-restriction type conditions 

In [23] the following Plancharel condition is introduced: for any R > and all even Borel 
functions F such that suppF c [0,7?], 



(12.1) r \Kp^^^^(x,yfdp(x)<CV(y,R-'r'mF\\l 

Jx 

for some q e [2, oo]. Here m > 2 denotes the order of operator L and for operators which we 
consider here m = 2(see [23, (3.1)]). Note that for every x e X and r > 1 /R, 

\\F(yfL)PB(,r,-,fl < II r Kp^^,^{z,w)xB(.Aw)f(w)dp(w)\l 

Jx 
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< C\\6rF% r V{w,R-')-'l\Bi.Awmw)W{w) 

Jx 

< CV{x,r)-'l\Rrrl^\\6RF\\^\\f\\u 

where in the last inequality we used the doubling condition (2.2). Therefore, for every x eX and 
r > l/R 

(12.2) ||F( VL)/'B(,,,)|h^2 < CV(x, r)-"^iRrf^\\6RF\\„ 

and so the condition (12.1) is just a slightly stronger version of condition (STj 2). 

It was noted in [23] that condition (12.1) with q = 2 holds for homogeneous sub-Laplacian 
acting on homogeneous Lie groups. It is shown in [54] that (12.1) with q = 2 holds also for 
"quasi-homogeneous" subelliptic and elliptic operators. As we note condition (12.1) is stronger 
than condition (ST^ 2) so this implies the following result. 

Proposition 12.1. Let L be a homogeneous sub-Laplacian or "quasi-homogeneous" operator 
acting on homogeneous Lie group with homogeneous dimension d. Then the Riesz mean S^^~^^^^(L) 
of order (d — l)/2 is of weak-type (1, 1) uniformly in R. 

Proof. Proposition 12.1 follows directly from Theorem 5.1. □ 

We believe that in this generality Proposition 12.1 is a new result. However in the case of 
Heisenberg group it follows from the result obtained by Miiller, Stein and Hebisch that the the 
Riesz means of order 5 > (J^ - l)/2 is bounded on L\ where dg < dh the topological dimension 
of the Heisenberg(see [47, 30]). Therefore it is likely that Proposition 12.1 is not a genuine 
endpoint result. 
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